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Abstract. In this paper, we present a framework to simulate biological
cellular processes involving a strong topological and geometric struc-
turation. Our framework is based on topology-based geometric mod-
elling. The edge labels of a graph sub-class, the n-dimensional general-
ized maps, model the neighbouring relations between biological compart-
ments. Thus, membranes become topological objects of the n-dimensional
generalized maps representation and can be handled just as compart-
ments. The evolutions of the underlying topology during the simulation
are expressed by using graph transformation rules. These rules are con-
ditioned by geometric properties and molecular concentrations bound
to the vertices of the graph. A simplified example, inspired by the phe-
nomenon of gap junctions, illustrates how topological and geometric pa-
rameters are involved in the simulation of biological cellular processes
controlled by the concentrations of molecules in the compartments.
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Introduction

The emergent field of systems biology aims at a system-level understanding of
biological systems, taking into account molecular-level phenomena, space struc-
turation of the cells, communication channels and exchanges with the outside
space... Although systems are composed of molecules, the essence of biological
systems lies in their dynamics and it cannot be described merely by enumerating
components. The structures of the system and components both play indispens-
able roles for the biological functions of the systems. Spatial modelling is increas-
ingly prominent in the biological sciences since scientists attempt to characterize
spatial variability of processes. These processes can be spatially indexed either
in a continuous manner with space or in a discrete manner following the cell
structure into compartments. Thus it is an important challenge to understand
the effects of spatial structure on the dynamics of the system, and reciprocally,
the consequences of the dynamics on the spatial structure.
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Modelling of molecular levels in Cell biology has already become a prolific
field of modelling in biology. Different approaches have been used in different
application fields: differential models for studying the evolutions of concentra-
tions, Boolean or discrete modelling for genetic regulatory networks, rule-based
modelling to simulate interacting molecular phenomena... Indeed, transforma-
tion rules are well-adapted to represent biochemical reactions like complexation
or catalysis. For such a model, formal methods like model checking have been
fruitfully applied to verify that the model satisfies a known property of the
biological system. Generally this approach considers that all molecules evolve
in the same compartment and they can potentially interact even if they are
separated in wvivo by membranes. Recently such a model has been extended
[CFS06] to take into account different compartments: these compartments are
defined by the mean of molecule naming, rules are also needed to describe the
exchanges through membranes. This abstraction is sufficient to model transport
of molecules between subcellular compartments but does not capture dynamics
of compartments themselves. Thus the cell structure (the subcellular compart-
ments) which plays a crucial role in the biological phenomena is either forgotten
or statically predefined. Exchanges between subcellular compartments which are
related to the surfaces, as well as exocytoses and endocytoses which influence
the concentrations are not well abstracted.

In this paper we present a modelling framework in which compartment rear-
rangements are taken into consideration and can be derived from constraints on
concentrations in different compartments or on geometrical properties of com-
partments. Previous works have already proposed to manage the dynamics of
structuration: Bioambients [RPST04], Brane calculi [Car05,DP05] or membrane
computing [Pau02,Pau06] are suitable for representing various aspects of molec-
ular localisation and compartmentalisation (exchange between compartments,
compartment rearrangements, molecular interactions). In such models the evo-
lution of the topological structure is not related to geometrical aspects (proximity
of objects). In order to make the topological structure depend on the embedding
(geometric positions and/or concentrations) and reciprocally, we base our work
on a pure topological modelling which deals with the representation of the struc-
ture of objects (their decomposition into vertices, edges, faces and volumes) and
with the neighbouring relations between topological objects. Among numerous
topological models, we choose the n-dimensional generalized maps [Lie89] (or
n-G-maps). The n-G-maps constitute a mathematically-defined representation
on which many topological applications have been defined. In this paper we give
a graph-oriented definition of the n-G-maps, and formalise transformations of
n-G-maps as graph transformation rules, in order to take advantage of the whole
corpus of graph transformation theory. Thus simulation of a biological system
with topological rearrangements can be computed thanks to a set of basic trans-
formation rules concerning topological rearrangements and embedding.

The paper is organised as follow. Section 1 presents graph transformation
rules and n-G-maps and then introduces the notion of graph transformation
meta-rules for transcripting topological operations on n-G-maps in terms of
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graph transformation. In Section 2 we show how transformation rules can be
conditioned by geometric properties and molecular concentrations bound to the
vertices of the graph. A simplified example, inspired by the phenomenon of gap
junctions, illustrates in Section 3 how topological and geometric parameters are
involved in the simulation of biological cellular processes controlled by the con-
centrations of molecules in the compartments.

1 Generalized maps and graphs

Let us first recall some notions and notations concerning graph transformations
(see [HMPO1,EEPTO6] for a detailed presentation).

In the sequel, for a graph G = (V, E) (s. t. V is a set of vertices and E C
V x Xg x V is a set of non-oriented labelled edges), the set of vertices (resp.
edges) will be generically denoted by Vi (resp. Eg). We introduce orbit graphs
as particular subgraphs, those which are generated by a vertex and an identified
subset of labels. Indeed, this will be useful to build topological cells (faces or
volumes for example) when labels will represent neighbouring relations.

Definition 1 (orbit, orbit graph and orbit isomorphism). Let us consider
G a graph with labels in Xg, {l1,....lx} C Xg (k > 0) a set of labels and two
vertices v,v' € Vg.

We call orbit < ly,...,lx > (v), the smallest subset of Vi such that, v €<
Iy, ..,y > (v) and such that for each w €< 1y, ...l > (v) and each l; (i € [1,k]),
if (w,l;,w') is an edge of G, then w' €< ly,...,li, > (v). The orbit < ly,....l; >
(v) is said to be incident to v.

We call orbit graph <<, ...l >> (v), the full subgraph G' of G such that
Vor =<ly,...,Ix > (v) and Eg' C Eg is the set of all edges of the form (v,l,v")
with 1 € {ly,...,l} and v and v' in Vg.

The two orbits < ly,....lx > (v) and < ly,....,lx > (V) of G are isomorphic
iff it exists an isomorphism @ from <ly, ...l > (v) to <ly,...,lp > (V') s. t. for
each l; (1 <i<k), if (w,l;,w') is an edge of G, then (p(w),l;, p(w")) also.

Definition 2 (graph morphism). Let G, H be two graphs with labels in Y.
A graph morphism f : G — H consists of two functions fy : Vg — Vg and fg :
E¢ — Eg verifying that sources, targets and labels are preserved: ¥(v,l,v") €
E, fe(v,l,v) = (fe(),l, fe(v")). Such a morphism is injective if both fy and
fE are injective.

In the sequel, for our purposes, we uniquely consider injective graph morphisms.

Definition 3 (transformation rule). A graph transformation rule p : L «—
K — R is a pair of graph morphisms | : K — L andr : K — R. L is the
left-hand side, R is the right-hand side and K is the interface of p.

Intuitively, graph transformation rules allow one to modify a graph by iden-
tifying the subgraph to be removed, corresponding to the graph L with the
subgraph K as interface, and the subgraph substituting the removed subgraph,
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corresponding to the graph R sharing with L the same interface K. This is
formally defined by means of graph morphisms making explicit the inclusion be-
tween the whole graph G to be transformed and the subgraph L to be removed:

Definition 4 (direct derivation). Let G be a graph andp: L — K — R be a
graph transformation rule. The rule p transforms G into a graph H, denoted by
G =p,0 H, if there are a graph morphism o : L — G and two square diagrams
as in the following figure which are graph pushouts.

[
L<—K;>R

ooy

G<—D—»H

From an operational point of view, such a derivation is applicable if the
following condition holds:

Definition 5 (dangling condition). Let G be a graph andp: L — K — R
be a transformation rule. A graph morphism o : L — G satisfies the dangling
condition if no edge in Eq —og(E}) is incident to a vertex in oy (V) — oy (Vi).

Intuitively, when the dangling condition holds, the application of a rule p
to a graph G along the graph morphism o : L. — G consists in removing the
left-hand side subgraph L — K and adding the right-hand side subgraph R — K,
up to the graph morphisms as indicated in Definition 4. The application of a
transformation rule allows one to uniquely derive the graph H from the graph
G. Finally, given a set S of transformation rules, a derivation from G to H is a
sequence of applications of a rule in S from G and leading to the graph H.

Generalized maps. The n-G-map introduced by P. Lienhardt [Lie89] defines
the topology of an n-dimensional subdivision space. The n-G-maps allow the
representation of the n-dimensional quasi-varieties, orientable or not. In order
to represent space subdivisions, we can choose other topological representations
like combinatorial maps [Tut84] or semi-simplicial sets [May67]. Nevertheless,
we have advanced tools at our disposal for the manipulation of n-G-maps which
suffice to model biological compartments (Moka [VD03] for example). Moreover,
n-G-maps have the advantage of providing a homogeneous formal definition for
all dimensions.

Intuitively, the main idea is to decompose an object in basic elements, also
called darts (graph vertices), which are connected between them (with graph
edges). The decomposition of a 2D object is shown in Fig. 1. The 2D object
is displayed on Fig. 1(a). In Fig. 1(b), the object is split in order to focus on
the two faces (topological 2-cells) which compose it. On Fig. 1(c), the faces are
decomposed into lower dimension elements: the 1-cells. In the end, see Fig. 1(d),
the 1-cells are divided in basic units (graph vertices).

To complete the decomposition of an object into a 2-G-map representation,
we have to report the adjacency relation. Doing this, we recover the knowledge
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Fig. 1. Decomposition of a 2D object

about topological cells constituting the initial object. On the figure, the adja-
cency relations are represented as labelled edges. Notice that in an n-G-map,
there are n + 1 kinds of labels: ag to a,,. Object edges are obtained by linking
two vertices with an edge labelled by «q (Fig. 1(e)). ay labels allow one to get the
faces (Fig. 1(f)). Finally, the adjacency relation between 2-cells is represented
with the as edges (see Fig. 1(g)).

Some vertices are incident to an az loop, (e.g. (b1, az,b1)). The definition of
n-G-map requires that for all 0 < i < n, all vertices are incident to one and
only one edge labelled by «;, the index ¢ giving the dimension of the considered
adjacency relation. For example, o edges link two vertices to build 1-cells of the
objects. n-G-maps can be defined as particular cases of graphs:

Definition 6 (n-G-map). Let n > 0. An n-dimensional generalized map (or
n-G-map) is a graph G with labels in Xg = {ag,...,an}, s. t.:

- for allv € Vg,l € X, there exists an unique v/ € V s. t. (v,1,v') € E;
- for each v € Vg, for all a;, a5 € Xp such that 0 <1 <i+2 < j < n,if
(v, as,v1), (V1, 05, 02), (V2, v, v3), (V3, 5, v4) are edges of Eq, then va =v.

The second point of the n-G-map definition expresses some coherency con-
straints on the adjacency relations denoted by the labelled edges. Intuitively, in
an n-G-map, if two i-dimensional topological cells are stuck together then they
are stuck along a (i —1)-dimensional cell. For instance, on Fig. 1(g), the 2-cell de-
fined by {b1, ..., bg} is stuck with the 2-cell defined by {b7, ..., b14} along the 1-cell
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defined by the four vertices {bs, by, bs, b7 }. The coherency constraint requires that
there is a cycle (o, @z, ag, o) starting from every vertex of {bs, by, bg, b7 }. For
example, we have: (bs, g, bs)(ba, a2, bg)(bs, ap, b7)(b7, a2, bs). In order to repre-
sent a coherent topological object, such constraints should hold at any vertex for
the graph to be a n-G-map. Let us now define i-cells of a n-G-map characterising
topological subdivisions of an object.

Definition 7 (i-cell). Let us consider G an n-G-map, v € Vg a vertex and
i € [1,n]. The i-cell incident to v is the orbit graph (see definition 3) of G
L QO ey Q1 Qi1 ooy Ay >> (V). The i-cell at dart v is noted i-cell(v).

s Koo

(a) dart addition rule ) dart suppression rule

Fig. 2. dart addition and suppression rule

Topological operations in terms of graph transformation. The evolution of the
biological system structure is simulated using transformations of G-maps. The
set of atomic topological operations for n-G-maps has been defined [Lie89] and
includes four different operations, namely dart addition, dart suppression i-sew
and d-unsew. The first and second operations can be directly translated into
transformation rules (see Fig. 2(a) and 2(b)) and consist in adding a vertex
(dart) while ensuring coherency constraints of n-G-maps. Nevertheless, the two
last operations are generic and cannot be transformed directly in terms of graph
transformation rules because the i-sew operation depends, among others, on
the orbits. To overcome this limitation, we now introduce the notion of graph
transformation meta-rules which abstracts a set of graph transformation rules.

Transformation meta-rules define infinite sets of classical transformation rules.
The idea is to propagate a local transformation pattern (expressed on a few ver-
tices) along an orbit of the graph, independently of the form of this orbit. To
specify which part(s) of the local pattern is attached to the elements of the orbit,
we introduce an additional label, noted S.

Definition 8 (meta-rule definition). Let us consider {a,...,al} C X =
{ag, ..., an} a set of labels and a label B & Y. A graph transformation meta-
rule on {c,...,a0 }, noted L — K — R, is a graph transformation rule where
graphs are labelled on edges with labels in X U{B} and satisfying both following
properties:

— for each edge in L (resp. R) of the form (v,3,v'), then v =1';
— there exists at least in L an edge of the form (v, 3,v). Graphically B-edges
are noted with dotted lines, labelled with < o/, ..., ) >.
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The [-edges specify that the connected pattern is repeated along the orbit
defined by the labels {o],...,a}}. Let us remark that the existence of a S-edge
in L differentiates the graph transformation meta-rules from the classical ones.
Semantics of the previously defined meta-rules are translated in the following
definition where a meta-rule is viewed as a set of graph transformation rules.

Definition 9 (meta-rule translation). Let us consider three graphs L, K
and R with labels on X and {af, ...,a}} C Y. The translation of a meta-rule
p:L — K — R on {a),..,a}} is the set T, of graph transformation rules
L' — K' — R" where

{vai | a € Va,i € Vi},{(vailivs) |1 € {af,...;aL}, (a,l,b) €
ﬁv ) S EL}U{(U(ZZ’Z)UG]) | lE EEaa S Vﬁ (Zalaj) S EL})
{va;i | a € Vi € Vel {(va,lives) |1 € {af,...;a,}, (a,l,b) €
ﬁ ) S ER} U {(Ua l’l)vaj) | le EEva € Vﬁv(lvlvj) € ER})
({val | a € Vg,i € VK} {(valal;vbl) |l S {0/1, Oék} ((L,l,b) €
B,1) € Ex} U{(Va,i,l,va;) |l € XE,a € V3,(i,1,j) € Ex})

where Gg = (Vg, Eg) is any graph with edge labels in {a], ..., a}}.

G
(_
(i

By definition of the meta-rule, if there exist several S-edges in L (and R), the
corresponding classical rules replace all 5-edges by isomorphic sub-graphs (each
of them is isomorphic to the graph Gg). Thus a meta-rule with several 8-edges
is applicable only on isomorphic orbits.

Definition 10 (meta-rule application). An application of a meta-rule p :
L — K — R s the application of a rule of T, for which the graph Gpg is
isomorphic to a particular orbit < of,...,a}, > of G.

The graph obtained by an application of a meta-rule on an initial graph is
then a graph (the application of the classical rules is possible only if those satisfy
the dangling condition). Moreover a same rule can be applied with different
“anchorings” for [-edges (the vertices of G which are associated to the vertices
of L with a [-edge): When there is a unique (-edge in L, all anchorings lead
to the same graph. In case of several (-edges, different anchorings can lead to
different graphs corresponding to different manners to sew two isomorphic faces.

It is now possible to transcribe in terms of graph transformation meta-rules
the third (resp. fourth) atomic transformation named i-sew (resp. i-unsew).

Definition 11 (i-sew). Let us consider G an n-G-map, i an integer such that
0 < i < n, vv € Vg such that < g, ...,Qi—2,Qitr2,...,q, > (V) and <
QQ, ey Q2 Qito, ...,y > (V') are isomorphic and ¢ the unique isomorphism
Of < QOy ey Qie2, Qig2y ey Oy > (V) 0N < Uy ey Q2 Qi ooy Oy, > (V) SUCK
that p(v) =v'. G’ the result of the i-sew of v and v' in G is defined by:

- VG’ = VG;
Egr=Eg —{ (w,a5,w) | we<ap,....02,Q12,..., 0, > (V)
- —{ (w, ap,w) | WE < A, ey A2, Qg2 ey iy, > (U
U { (w,a;, p(w)) | w € < ag, ..., ®i—2, Qita, ...,y > (V)

)

N
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Fig. 3. i-sew, i-unsew meta-rule and 3-sew example

Naturally, it can be proved that Definition 11 defines the same operation that
the i-sew meta-rule (see Fig. 3(a)). Indeed, in both the definition and the meta-
rule, we remove the «; loops and we replace it by «; edges between the two orbits.
More generally, the i-sew and i-unsew rules produce n-G-maps when applied on
n-G-maps. The graphical representations of these canonical operations are given
in Fig. 3(a) and 3(b) whereas Fig. 3(c) shows a classical graph transformation
rule deduced from the i-sew meta-rules.

2 Embedding

In Section 1, we have not considered geometrical nor biochemical properties of
the objects. Those informations are associated to the topological structure by
an embedding of the topological cells. For example, the geometrical embedding
associates points to 0-cells and surfaces to 2-cells. We can consider various kinds
of embedding depending on the application field. In biology, we may want to
associate molecules concentrations to the compartments (3-cells). Thus, we must
consider both topological transformations and embedding transformations (for
instance, to model the transport of the molecules from one compartment to
another one). In this section, we sketch how to consider embedding in our rules.

The embedding of G-maps is realised by adding labels to graph vertices.
Since each vertex belongs to one topological cell of each dimension (see Section 1,
Definition 7), each vertex may be embedded for each dimension. Moreover, all
vertices of a given i-cell have the same embedding for the dimension 1.
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Definition 12 (embedding). An embedding for an n-G-map G is a family
v of applications n;, on Vg, where i is a dimension (0 <i <n), and o an
embedding name.

Thus, the nature of the biological compartment denoted by the 3-cell incident
to a vertex v (noted 3-cell(v)) may be given by the embedding 73 ype(v) and
the geometric embedding of the i-cell(v) is given by 7; geo(v). We use this em-
bedding to enrich the transformation rules. The left-hand side of enriched rules
may match embedding and the right-hand side may modify it. The embedding
expressions may be composed of operations, predicates and logic connectors in
order to build rule preconditions. For instance,

diStance(n&geo(bl); n3,geo(b2)) S €N 773,type(b1) =A A 773,type(b2) =B

explains that the average distance between the two compartments 3-cell(b;) and
3-cell(bs) are less or equal than e and that the two compartments have respec-
tively the biological type A and B. This embedding property may, for exam-
ple, condition the sew of the two compartments (see Fig. 5(d)). Moreover, the
embedding may be composed of affectation (noted :=) and sequence (noted ;)
operations to build the rules postconditions. For example,

73,conc(x) (bl) = decr(n?:,conc(w)(bl));
713,conc(y) (bl) = d?CT(Us,conc(y) (bl))y
13, conc(zy) (bl) = chr(n&conc(my) (bl))

describes the concentration modifications inside the compartment 3-cell(b;) dur-
ing the complexation of molecules x and y. Is it easy to define such preconditions
and postconditions as a formal language, and extend previous definitions to em-
bedding graphs, but this is out of the scope of this article.

3 An example

M M M M
o o 4 o B e o4 [0 B e o4 |0 B e o 4 [0 B
° ©] . ©) * OO ® o ©]
hd ;o [®) 9 o ;o O (y) (.) : ° O (y) ° 5 . O 9
(a) Synthesis (b) Gap junction (c) Migration  (d) Complexation

Fig. 4. Biological cellular process example

In Section 2, we have defined conditioned rules that transform the biological
compartments. In this section, we give an example inspired by the gap junc-
tions [Alb02] in order to illustrate how to describe a biological phenomenon
using our framework. A gap junction is a junction between two cells that allows
different molecules to pass from one cell to the other. A graphical representation
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of the phenomenon is given in Fig. 4. Here, we choose to distinguish two kinds
of cells, depending on the type of molecules they generate. In the middle M, the
cells of type A generate molecules z and the cells B generate molecules y (see
Fig. 4(a)). The cells A and B move and can join, forming a gap junction, when
they are sufficiently near (see Fig. 4(b)). When two cells are stuck, molecules
y can cross the gap junction. Finally, we decide that molecules x and y can be
complexed into a new molecule xy. This very simple biological-inspired example
poorly represents the expressiveness of our framework, based on the topology-
base geometric modelling. Nevertheless, it is representative enough to apply a
large part of the tools we have introduced in a real modelling case.

The transformation rules that describe the previous process are given in
Fig. 5. The first rule (resp. second rule), introduced in Fig. 5(a) (resp. Fig. 5(b)),
matches a compartment (here a biological cell) of type A (resp. type B) and in-
creases the concentration of molecules z (resp. molecules y) in this compartment.
The third rule (see Fig. 5(c)) symbolizes the displacement of cells in space, it
matches a free compartment (a compartment which is not stuck with another)
in order to update its position. The following rule (see Fig. 5(d)) matches two
different-typed near cells and sticks them according to the sew transformation
rule that is introduced in Section 1, Fig. 3(a). The next one (see Fig. 5(e))
matches two stuck cells and transport some y-typed molecules from the B-typed
cell to the A-typed one (decreasing and increasing the corresponding concen-
trations). The last rule (see Fig. 5(f)) matches a cell of type A, decreases its
concentration of x and y in order to increase the concentration of molecules xy,
according to the complexation of molecules x and y in a new molecule xy.

Conclusion and perspectives

In this paper, we present a framework to simulate biological cellular processes
that involve a strong topological and geometric structure. Our framework is
based on topology-based geometric modelling. We use a graph sub-class, the G-
maps, in order to model the biological compartments. The topological cells: 3-
cells (that represent the compartments), 2-cells (that represent the membranes)
are represented with a sub-graph of the G-map and the neighbouring relations
between those cells are modelled by the means of a constraint labelling of the
edges. The evolution of the underlying topology during the simulation are ex-
pressed by using graph transformation rules. We have extended the notion of
graph transformation rules to the notion of meta-rules that not only transform
one pattern but a family of patterns present in a graph. The rules we introduce
are conditioned by geometric properties and molecular concentration bound to
the vertices of the G-map. Those conditions allow us to manipulate the topologi-
cal operations as transformation step that we can automatically iterate. Finally,
a simplified example inspired by the phenomenon of gap junctions[A1b02], illus-
trates how topological and geometric parameters are intermixed in the simulation
of biological cellular processes.

Many technical improvements can extend our framework. In this paper, we
have assumed that only one kind of orbit appears in a meta-rule. Nevertheless,
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Fig. 5. Rules

some complex topological operations, for instance hole suppression[VDO03], need
to consider two different kinds of orbit simultaneously. Moreover, in our meta-
rules, all vertices are duplicated along the orbits. Because of this, we cannot write
a rule that links the vertices of an orbit to a unique vertex (to build a pyramid,
for instance). We have to update our syntax to consider such operations.

The secretory pathway of the biological cell is the place of a complex topologi-
cal dynamics. Thus, in the Golgi Apparatus, membrane-bounded compartments
can merge, be stuck, divided or perforated. Several Golgi Apparatus abstract
models exist and are distinguished by their topology [KRSJ04]. For instance,
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in the maturation model, the Golgi is divided in disconnected saccules and the
proteins move from a saccule to another using transport vesicles. In the con-
tinuous model, proteins diffuse through a connected Golgi. This case study will
help us to find out how to improve our framework in order to include not only
simulation tools but also verification tools that can be used by the biologist to
validate (or invalidate) models.
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