
���������
	��
���
� ������������	��������
����������� ��	��
�����"!#	$�
%�	���&�&'����%
���#�)(����+*�,��-�

.0/21435.6. /8789;: §¶ < :=/8>?3@/BAC9=DEDF/8> †¶ <?G A2/ H8.49JI-3 G >89KA ‡¶ <0LFMFN I-3 G >89KAPOEH89=>?9=O ‡¶

Q=R �TSFUTVXW0Y8Z?[\U^]_W=S R�`ba\c2d$afegeghjilkTaXmnipoqc;rsipc
tTcguqipc;tTtTvnijcguwrnk�ijtTcKk�t^rxvnt^y{zgijv|t
};c;~Cijcgu�afhjhEijr|o\hlaXmnt^~$r|o\hjzC�
m|ijo\cKr�m|o�r|d2r�m|t^��r�of��k�o\cKr�mnvna\ipc{mnrsoX�qtTv�v|t+afhEc2zg���Kt^vnr^�����gt^r|t#r�dCr�m|t^��r���a�d$�=t#cgoqcC��e=o\hjd2cgo\��ilafh0a\c;~
a\v|t
~Cip�$k�zghpmxmnowr|o\hj�\tq�0mn�gt
ijcg�gt^v|t^c{msk�oq��egzCmnafm|ijo\c;a\h=kTo\��eghjt��Cipm�dwilrs�������;afv�~�a\c;~�c2zg��tTvnilkTafh=ilr|r|zgt^rxafvnt
kTv|ipm��
ilkTafhKipc�egvnaqk�mnijkTt��5t\� u;�j�{i�msijr��_afv��5vno\���=tTijcgu�o\�2�2ijo\z;r4mno�u\zKafv�afc{m|t^t�k�o\vnvnt^k�mncgt^rnr�afcK~�k�o\��eghjt�mntTcgt+r|rxa\r��xt^hph
a\r�m|o�tTc;r|zgvnt�mntTvn�wijc;afm|ijo\cK���4���;t^r|t
r|d2r�m|t^��rT�2kTa\hphjt^~�c2zg��t^v|ilk����2�� X�{�;a��\t��Kt^tTc
a\egegvnoqaqk��gt^~wijc$m|�;t
e;aqr�m
�2d�~Ci�¡FtTvntTc{m�ijc{m|t^v|t+r�mnipcgu��wtTm|�goC~gr^��ijcqmntTvn�Xafh ��tTm|�goC~gr�¢ £\¤C�8¥+¦2�E£\¦2�8¥\¥\�F£\§�¨��Fk�oqc{m|ijc{zKaXm|ijo\c���tTm|�goC~gr�¢ ¤{¦+¨
afcK~$k�oqc;r�mnvna\ipc{mxrnaXmnijr��_a\k�m|ijo\c$��tTm|�goC~gr
¢p¥+©C�g£fªC�{«;�2¬g�2¤f«;�2¤X¨��x­��0e;a\v�mnijkTzghlafv�ijc{m|t^v|t+r�msijr�m|�gt���aXmn�gtT��aXmnijk^afh
afcK~
e;v|oqu\v�af����ipcguwr�ij��eghjijkTi�m�d
of�8m|�gt#hlaXm|m|tTv�a\egegvnoqaqk��0�8m|�gt#uqtTcgt^vna\hK�5v�af��t^�xoqv|®�ilr�aw�gv�afc;k��¯afc;~�egvnzgcgt
afhju\oqv|ipm|�;�°m|�;afm�o\cghjd$vnt^y{zgijv|t+r�r�e=t^kTi��5d2ijcguwm|�gt�kTo\c;r�m|v�afijc{mnr�afc;~�m|�;t#ipcgipm|ilafh vna\cgu\t�of�8m|�gt#�Xa\v|ilaf�ghjt^r^�

±0R ��WKU^²gU^]_W=S8³
²gS8Yµ´4²g³^]¶[·Y8¸{¹8S8]5U+]_W=S?³ R-���gijr-eKafe=tTv��5oCk�z;r|t^r�o\cº���2��r����gt^v|t�m|�gt�~Coq��afijc;r
a\v|t
ijcqmntTvn�Xafhlr)afcK~Pm|�gt¯k�oqc;r�m|v�afijcqm�r�afvnt�kTo\c{m|ijc2zgo\z;r^��»

n
��a\v|d¼k�oqcqmnipc2zgoqz;r)kTo\c;r�m|v�afijc{m

Cj(x1, . . . , xn)
ilr�a

vntThlaXm|ijo\c�oX�\t^v�mn�gt#vnt^afhlr^�
C
r�mna\c;~grs�5oqv�m|�gt�r|t�m�o\�8k�oqc;r�m|v�afijcqm�rT�

X
o\v

Dx

~CtTcgo\m|t+rEm|�;t�~Co\��a\ipc#o\�2�Xa\v|ilaf�ghjt
x
��mn�;aXm+½ r0m|o�rna�d\�^m|�;txr|t�m o\�Ca\hphjoX�st^~��Xafhjzgt^r0�5o\v

x
�
D
r�mna\c;~gr

�5o\v
m|�;t�r|t�m
o\��~Co\��a\ipc;r�of��a\hph?m|�gtw�Xafvnija\�ghjt^r�o\��m|�gt�k�oqc;r�il~Ct^v|t+~�k�o\cKr�mnvna\ipc{m�r|d2r�m|t^�¯�
IR
~gtTcgo\m|t^r�m|�;t�r|t�m

of�0vnt^a\h;c2zg���Kt^vnr����gtTvnt^aqr
IF
r�m�afc;~;r��5o\v�m|�gt-r|t�m�o\�E¾;oqafm|ijcgu�e=o\ijcqmsc2zg�)�=tTv�r�z;r|t^~$ipc�mn�gt�ij��eghjtT��tTc{mnafm|ijo\c

of�8cgo\c�hjipcgt+afv�kTo\c;r�m|v�afijc{msr|o\hj�\tTv�r^¿{ip�
a
ijr�a�k�oqc;r�mnafc{m�ipc

IF
�
a+ �5vnt^r|e0�

a−
�sk�o\vnvnt^r|eKoqc;~gr�m|owm|�gt�r|��afhjhpt+r�m

�5vnt^r|e0�4hlafvnu\t^r�m��xc2zg���Kt^v�of�
IF
r�m|vnilk�m|hjd$uqv|t+aXm|t^v#�5vnt^r|e0�4hpoX�stTv���m|�;a\c

a
�

X = [x, x]
ilr�~Ct�}Kcgt^~wa\r8mn�gt�r�tTm�of�Kvnt^a\hCc2zg�)�=tTv�r

x
�\tTvnip�5d{ijcgu

x ≤ x ≤ x
�
x, y

~Ct^cgofmnt�v|t+afhC�Xafvnija\�ghjt^r
o\v��\t^k�m|oqvnr����;tTvnt^a\r

X, Y
~Ct^cgofmnt�ijcqmntTvn�Xafh0�Xafvnilaf�ghjt^r�oqv��\t+k�mno\v�rT�����gt$À�Á_ÂfÃ@Ä

w(X)
of��afc�ijc{m|tTvn�Xafh

X
ilr

m|�;twy{z;a\cqmni�m�d
x − x

���;iphjt)mn�gt¯Å�Á_ÂfÆjÇgÈfÁ@É;Ã
M(X)

o\��m|�gtwijcqmntTvn�Xafh8ijr
(x + x)/2

�#»�Ç;ÈXÁ@É;Ã�Á@É;ÃËÊ�Ì�ÍXÎXÏ
X

ilr
o\�gmnafijcgt+~bip�

x = x
�w»ÑÐ�ÈTÒ�ijr-a¯r�tTm�o\�xijc{m|tTvn�Xafhlr-afc;~·i�m�r���ij~2mn�Pijr#~CtT};cgt+~·aqr�mn�gt�hja\v|uqt^r�m
��il~2m|�Po\��i�m�r

ijcqmntTvn�Xafh;��t^�)�=tTv�rT�{���gijhpt
i�m�rxkTtTc{m|vnt�ilr�~CtT};cgt^~�a\r�mn�gt�e=o\ijc{mx���go{r�t
k�o2o\v�~Cijc;aXmnt^r�ilr�mn�gt���il~2��eKoqipc{m�o\�Em|�gt
v�afcguqt^r^�

II(IR)n ~Ct^cgofmnt^rsmn�gt�r�tTm�of�8ipc{m|t^v|�Xa\hjr�a\c;~�ilr�oqvn~Ct^v|t+~$�2d�r|t�m�ijc;k�hjz;r|ipoqc0�
Ó t
afhlr|obz;r|t$m|�;t�Ô�v|tT�5o\vn�)zghlaXmnipoqcC��hpijcgt^a\v|ijÕ^afm|ijo\c�m|t^k��;cgijy{zgt�Ö�cgofm�aXmnipoqc;r�ijc{m|vno2~gz;k�t+~ºipc×¢ ¤{£2�x¥T¨s��ipm|�

r|hpiju\�{m���o2~gi�}Kk^aXmnipoqc;rT�
Ø R �TSFU^¸{V�Ùg²gÚ�!-VXWKÛKVX²gÜÝÜÝ]¶S?Û R
Ø R_Q=R ��SFU+¸{V+Ùg²;Ú��$VX]5U+Þ?Üß¸qU+]_[q³ R)à�É;ÃËÊ�Ì�ÍXÎXÏxÎfÌ�Á@Ã@ÄCÅ�ÊTÃ�Á_á#�;aqr#�Kt^tTcPegvno\e=oqr|t^~·�2dß¢â£f¤�¨��$ã�m�ilr#�;a\r|t^~¼oqc

m|�;t#v|t^egv|t+r�t^c{mnaXmnipoqc�o\�?�Xafvnija\�ghjt^r�a\r�ijc{m|tTvn�XafhlrT�
ä tTm

f
�=t�a)vnt^a\h����Xafhjzgt^~$�5zgc;k�mnipoqc¯of�

n
zgcg®2cgoX��c;r

X = {x1, . . . , xn}
��»�c¼Á@É;ÃËÊ�Ì�ÍXÎXÏ8Ê�ÍXÎXÏæå;ÎfÃ¶Á_ÈfÉ

F
of�

f
�5oqv�u\ij�\t^c
v�afcguqt^r

{X1, . . . , Xn}
�5o\v�mn�gt#zgcg®2cgoX��cKr�ijr�a\c�ijc{m|t^v|�Xafh

Y
r|z;k���mn�;aXm

∀X = {x1, . . . , xn} ∈ X = {X1, . . . , Xn} Y ≤ f(X) ≤ Y
�_¤;�p¥��

ãËc�o\m|�gt^v �so\v�~gr
Y , Y

afvnt�hjoX�xt^v afcK~-zgege=tTv8�Koqzgc;~gr �5o\v m|�gtx��a\hpz;t^r0o\�
f
���;tTc#mn�gt��Xafhjzgt+r0of�Cmn�gt�z;cg®2cgoX��c;r

afvnt-v|t+r�mnv|ilk�mnt^~$m|o�m|�;t#�Ko��
X
�

���gt^v|t)a\v|t)c{z;�wt^v|oqz;r���a�dCr�m|o
kTafhlk�z;hjafm|t)a\cbipc{mntTvn��a\h t^��a\hpzKaXm|ijo\c�o\��a��5zgc;k�m|ijo\cÝ¢j¥\¥\�F£f«X¨��
ç�oX�stT�\t^v^�
ijc
uqtTcgt^vna\h¶�2ipm�ijr�cgo\m�eKo{r|r|ip�;hpt�m|o�kTo\��egzCmnt
mn�gt#t��gaqk�m�tTc;kThpo{r�z;v|t�of�?m|�gt-v�afcguqt��5oqv�afc¯afvn�gi�mnvna\v|dw�5zgcKk�m|ijo\c
oX�\t^v�mn�gt�vnt^a\h?c2zg���Kt^vnrw¢j¥^§�¨���`�o2o\vnt��;aqr�ipc{m|vnoC~Cz;kTt^~¯mn�gt�k�o\cKk�tTegm
of�
Á@É;ÃËÊ�Ì�ÍXÎXÏ�ÊnÒqÃ�ÊTÉgè�Á_ÈXÉK��m|�;t�ijc{m|tTvn�Xafh
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t��2mntTc;r|ipoqc�of� a��5zgc;k�mnipoqc$ilrxa\c$ipc{mntTvn��a\hg�5zgcKk�m|ijo\c$m|�;afmsk�oq��egzCm|t+r�oqzCm|t^vxa\egegvno��2ij��aXmnipoqc;r�o\c$m|�gt
vna\cgu\t�o\�
m|�;t-�5zgc;k�mnipoqc¯oX�\tTv�a�~Coq��a\ipc¼¢j¥\¥f�K£f«X¨��

���gt�cKaXm|z;vna\hgipc{mntTvn��a\hgt��2mntTc;r|ipoqc�of�0a-vnt^afhg�5zgc;k�mnipoqc
f
ijrx~Ct�};c;t^~��2d)vntTe;hjaqk�ijcgu�afhjhgmn�gt���aXmn�gtT��aXmnijk^afh

o\e=tTv�aXmno\v�r�ijc
f
�2d�mn�gtTijvxijc{m|t^v|�XafhFt+yqz;ip�XafhjtTc{m�r�mno�oq�Cmna\ipc

F
�4ãËc{m|t^v|�Xa\hKt+yqz;ip�XafhjtTcKr�m�t��Cilr�m�r��5oqvsa\hphEkThjaqr|r|ijk^afh

��aXmn�gtT��aXmnijk^afh4o\e=tTv�aXmno\v�r
a\c;~·�gtTc;kTt�ipc{m|t^v|�Xa\h4a\v|ipm|�;�wtTm|ilkTr#a\hphjoX��r�mno�kTafhlk�z;hjafm|t�afc¼ipc{m|t^v|�Xa\h8t^�Xafhjz;aXmnipoqc
�5o\v#a\hphp�xcgoqcC��hpijcgt^a\v
tT�Cegv|t+r|r|ijo\c;r^�F���gt�mn�gtTv�a\hpuqtT�gv�afilk�oqv�c;ofm^���goqv�tT�gaf��eghjt�ip�

f(x) = x + sin(x)
� m|�gt^c

m|�;t#ipc{m|t^v|�Xa\hEtT�Xafhjz;aXmnipoqc
o\�
f
�5o\v

x ∈ [1.1, 2]
k^afc��Kt�k^afhlk�zghlaXmnt^~�a\rs�5o\hjhjoX��rT�

F ([1.1, 2]) = [1.1, 2] + sin([1.1, 2]) = [1.1, 2] + [0.8912, 1] = [1.9912, 3]

���2z;r^�?ip�
0 6∈ F (X )

�?mn�gtTcºc;o���a\hpz;t$t��Cilr�m�r#ipc¼mn�gt$�=o��
X

r|z;k��¼m|�;afm
f(X) = 0

��ãËc¼o\m|�gt^v��so\v�~gr�m|�gt
t^y{z;afm|ijo\c

f(X)
�;a\rxcgowv|o2ofmsipc�m|�gt��=o��

X
��ãËc$u\t^cgtTv�afh��\mn�gt��Koqzgc;~grsof� m|�gt�ipc{mntTvn��a\hKt^�Xafhjz;aXmnipoqc

F
oX�\t^v��

t^r�m|ij��aXmnt�m|�;t���ijcgip��zg� afcK~���aX�Cip��zg� of���5zgcKk�m|ijo\c
F
oX�\t^v�m|�;t)�=o��

X
�-ãËc{m|t^v|�Xa\h?afvnipm|�g��t�mnijk^r
k^afcb�=t

ij�we;hpt^�wt^c{m|t^~�m�af®2ijcgu�ipc{mno$a\kTkTo\zgc{m�vno\zgcK~2��o\¡btTvnv|oqvnr^�����gt^v|t�a\v|t-c2zg��tTvno\zKr�ipc{mntTvn��a\h afvnipm|�g��t�mnijk^r�e;aqk�®q�
afuqt^rsij�we;hpt^�wt^c{m|ijcgu�m|�gilr�egvno\e=tTv|m�dF�4o\cgt-of�?m|�gt#��o{r�m��_af��oqz;r�hpij�gv�afvnd$ilr��xã�»�������v|o\};h����gzgm�a�egv|oq��ijr|ipc;u
cgt^�Be;aqk�®Xafu\t�ilr�`����8ã
¢ ¤g¥�¨��g�Ka\r|t^~
o\c�m|�gt#��zghpm|ip��egvnt^kTijr|ijo\c
r|of�@m���afvnt-`����
	��q�

ä tTm
f
�=t�a-vnt^a\h����Xafhjzgt^~)�5zgc;k�m|ijo\c�of�

n
z;cg®2cgoX��c;r

x = {x1, . . . , xn}
�8»�c�Á@ÉKÃ�ÊTÌ�ÍXÎXÏEÊ�ÍXÎXÏæå;ÎfÃ¶Á_ÈfÉ

F
of�

f�5o\v�uqip�qtTc
vna\cgu\t+r
X = {X1, . . . , Xn}

�5o\v�mn�gt#zgcg®2cgoX��c;rsilr�afc�ipc{mntTvn��a\h
Y
r|z;k��
m|�;afm

∀ x ∈ X, f(x) ∈
Y = [y, y]

�)ãËc{m|t^v|�Xa\h8a\v|ipm|�g��tTm|ilk�e;v|t+r�t^v|�qt^r�Á@ÉFá�Ï�å2è�Á_ÈfÉÝÅ�ÈXÉ=ÈfÃ�ÈfÉ;Á_áTÁ@Ã�
X��ip�
Y ⊆ X ⇒ F (Y ) ⊆ F (X)�gzCm���afc2dºafhju\t^�gv�afilk�egvno\egvniptTm|ijt^r�of�
rnkTa\hja\vwa\v|ipm|�;�wtTm|ilk
a\v|t
cgo¼hpoqcgu\t^v��Xafhjil~º�5o\vwijcqmntTvn�Xafh�afvni�mn�g��t�mnijk^rT�

�goqv�t��gaf��eghjt\�Cijc{m|t^v|�Xafh0a\v|ipm|�;�wtTm|ilkTr�ilr�r�z;�C��~gijr�m|vnip�;zCm|ij�\tq�
X(Y + X) ⊆ XY + XZ

�¶r�t^t�¢ £\¤�¨E�5o\v�aw��o\vnt
~CtTmnafijhjhpt+~�~gt^rnk�vnipeCmnipoqc0�â���

���gt���a\ipc·hpij��i�m�aXmnipoqcbof��ijc{m|tTvn�Xafh4afvni�mn�g��t�mnijk^r�ilr)Ã5ÄgÊ�ÈfÍ�ÊTÌ�Æ�Ê�è�Ã�Á@Å�ÎXÃ�Á_ÈXÉJÈ��)Á@ÉKÃ�ÊTÌ�Í�ÎfÏ���åCÉFá�Ã�Á_ÈXÉ;è������gilr
ilr�~Czgt-m|o�m��sow�xt^hph0®2cgoX��c�egvno\�ghjtT��r��

•
m|�;t�r|of�ËkTafhjhjt^~¼À�Ì|ÎnÇqÇ=Á@É��bÊ��
ÊnáTÃs¢p¥^«X¨��=���gilk��boX�\t^vnr�m|ij��aXmnt^r��2d�a�zgcgily{zgt)�qt^k�mno\v�mn�gt)ij��afuqt�of��a\c
ijcqmntTvn�XafhE�\t+k�mno\v#�5���gilk��¯ijr�ijc¯u\t^cgtTv�afhFcgo\m�a��qt^k�m|o\v����

•
m|�;t¼r|of�ËkTa\hphjt^~�ÂqÊ�Ç;ÊTÉ=Â\ÊTÉ=á�
�Ç=Ì|ÈqÐ�ÏpÊTÅw¢p¥q¥�¨��
���gilk��×ilr¯~Czgt·m|�gt¼ijc;~CtTe=tTcK~CtTc;kTt¼m|�gtP~Cip¡=t^v|t^cqm¯oCk��
k�z;v|t^c;k�t+rxo\�8r|o\��t-�Xafvnija\�ghpt-~Czgvnijcguwm|�gt-ijcqmntTvn�XafhEtT�Xa\hpz;afm|ijo\c�of�4afc�t��Cegvnt^rnr�ijo\c0�8ãËc�ofm|�;tTv��so\v�~grT�
~Czgvnijcgu�m|�gt#ijc{m|t^v|�Xafh tT�Xafhjz;aXmnipoqc
e;v|oCk�t+r|rsmn�gtTvnt#ilr�cgo$k�oqv|vntThlaXmnipoqc��=t�m��stTt^c¯m|�gt�~Cip¡FtTvntTc{m�oCkTk�z;v��
vntTc;kTt^r�o\�0a�r|a\��t��Xafvnija\�ghpt�ijc�a\c�t^y{z;aXmnipoqc0�?m|�gt+r�t�~gi�¡FtTvntTc{mxoCk^k�zgvnv|t^c;k�t+r�afvnt���z;r�mskTo\c;r|ij~gtTvnt^~�a\r
il~CtTc{m|ilkTa\h0ijcqmntTvn�XafhlrT���;o\v�ijc;r�m�afc;kTt\�;kTo\c;r|il~CtTv

X = [0, 10]
�
X − X = [x − x, x − x] = [−10, 10]ijc;r�mnt^aq~�o\�

[0, 0]
a\r�oqcgt#k�o\z;hj~
t��Ce=t^k�m+�

� zgt-m|o�mn�gt#egvno\egvniptTm|ijt^rsof�4ijcqmntTvn�Xafh0afvnipm|�g��t�mnijk^rT�2mn�gt#tT�Xa\hpz;afm|ijo\c�of�4aw�5zgc;k�mnipoqc¯��a�d�d{ijtThl~�~Ci�¡FtTvntTc{m
vnt^r|zgh�m�r-a\kTkTo\v�~Cijcgu$mno
mn�gt�hpipm|t^vna\h8�5o\vn�Ñof��mn�gt�t^y{z;afm|ijo\c;r^�)���2z;r^�0��afc2d�hpipm|t^vna\h8�5o\vn��r���a�d��=twzKr�t+~·aqrT�
�5o\v�tT�gaf��eghjt\�2�_a\k�m|oqv|ijÕTt+~$�5oqv|� �¶ç�oqv|cgt^v��5o\v�e=o\hjd2cgo\��ilafh0r|d2r�m|t^�$��oqv�~Cilr�mnv|ij�gzCmnt^~
�5o\vn� ¢ ¤\¤�¨��

���gtw�?a�d2hjo\v�ijc{m|tTvn�Xafh?t��2m|t^c;r�ijo\c �Kcgo\m|t+~
F ����� �Ko\��a�vnt^afh �5zgc;k�m|ijo\c f

�=oX�\t^v�m|�;t)ijcqmntTvn�Xafh �qt^k�m|o\v
X
�Kilr

~CtT};cgt^~��2d�mn�gt#c;aXmnzgv�afhEt��2mntTc;r|ipoqc
o\�8aw};v�r�m���o\v�~CtTv��?a�d2hjo\v�~Ct^�\tThjo\e;�wt^c{m�o\�
f
¢ £\©�¨��

F ����� �   (X) = f(x) + J(X).(X − x)
�_¤;� £q�

��ipm|�
∀x ∈ X

�
J()

�Kt^ipcguPmn�gt"!qaqk�oq�gija\cßo\�
f
� ç�afcKr�t^cB¢j¥\¥�¨��Ka\r�egvno\e=oqr|t^~Jabmnv|ilk�®2dÝtT�Xafhjz;afm|ijo\cÝmn�gt

t^y{z;afm|ijo\c¯¤g�â£C�
�2t+k�o\cK~bo\v�~Ct^v
�8a�d{hjo\v�~CtT�qtThjo\eg��t^cqm-��a�d�afhlr�o
�Ktwz;r|t^~b�;zCm-m|�gt^ipv#k�oq��egzCmnafm|ijo\cbilr��)z;k��·��o\vnt)t��2�

e=tTc;r|ip�qt\�
ãËc¯u\t^cgtTv�afh��2};v�r�m�o\v�~Ct^v��?a�d2hjo\v�t��2m|t^c;r|ipoqc
d2ijtThl~�a��=t�m|m|t^v�tTc;kThpo{r�z;v|t�m|�Kafc�m|�gt#cKaXm|z;vna\hEt��2m|t^c;r�ijo\c¯oqc

r|��a\hph?ipc{mntTvn��a\hjr^¿F��o\vntToX�\t^v�m|�gt^d¯�;a��\t�a
yqzKa\~Cv�aXmnijk#kTo\c2�\t^v|uqtTc;kTt#���gtTvnt^aqr�m|�gt�c;aXmnzgv�afh tT�2m|tTcKr�ijo\cb�Ka\r�a
hjipcgt+afv�kTo\c2�\t^v|uqtTc;kTt)¢â£f©�¨��
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��t^�\t^v�mn�gtThjt^rnrT�=ijcbu\t^cgtTv�afh��;cgt^i�mn�gtTv
F � �'� cgo\v F ����� �   �xoqc0½ m
afhjhpoX�6mno
k�oq��egzCm|t)m|�gtwt��gaqk�m�v�afcguqt�of��a

�5zgc;k�m|ijo\c
f
�

�goqv�ipcKr�m�afc;kTt\�gk�oqc;r|ij~Ct^v
f(x) = 1 − x + x2 �gafc;~

x = [0, 2]
�C�st-�;a��\tq�

f ����� ([0, 2]) = f(x) + (2x − 1)(x− x) = f(1) + (2[0, 2]− 1)([0, 2] − 1) = [−2, 4],
f([0, 2]) = 1 − x + x

2 = 1 − [0, 2] + [0, 2]2 = [−1, 5],
f � ��� ����� ([0, 2]) = 1 + x(x − 1) = 1 + [0, 2]([0, 2]− 1) = [−1, 3]

�_¤g� ¤q�

���gt^v|t+a\r8m|�;t�vna\cgu\tsof�
f
oX�\t^v

X = [0, 2]
ilr

[3/4, 3]
�0ãËc�m|�;ijr�k^a\r|t\�\m|�gilr�vnt^r|zgh�m�kTo\zghl~�~Cijv|t+k�m|hjd)�=t�oq�Cmna\ipcgt+~

�2d)a-r�t+k�oqc;~#�5oqv|�'o\�K�_aqk�mno\vnijrnaXmnipoqc0�
f � ��� ����� 2([0, 2]) = (x−1/2)2+3/4 = ([0, 2]−1/2)2+3/4 = [3/4, 3]

�
Ø Rl±0R ��SFU+¸{V+Ùg²;Ú
�
S?²gÚ��0³^]¶³JÜß¸qU+Þ?W Y?³ Rw���;ijr
r�t+k�m|ijo\c e;v|oX�2il~Ct^r$aßr��goqv�m
ipc{m|vnoC~Cz;k�m|ijo\c of�#ijc{m|tTvn�Xafh

afcKafhjd2r|ilr)��t�mn�goC~gr^� Ó t�hjip��ipmwmn�gilr�oX�\tTvn�2ipt^��m|o¼ipc{m|t^v|�Xa\h���tT��mno\cC��hpij®\t
��t�m|�;o2~;rw�5o\v�r�oqhp�2ijcgu·a·�)zghpm|ip�
�Xafvnijafm|t�r�dCr�m|t^�Ñof��cgoqcC��hpijcgt^a\v-t^y{z;aXmnipoqc;r^�)���gtTijv-z;r|t�ilr#k�oq�we;hpt^�wt^c{mnafvnd�m|o���t�m|�;o2~;r-egv|oX�2il~Ct^~��2d¯m|�gt
�xo\cKr�mnvna\ipc{m���v|oqu\v�af����ipc;uwkTo\���)zgc;i�m�dq�

���gt#afij� ilr�m|o�~CtTm|t^v|��ijcgt�m|�gt#Õ^tTvnoqrsof�4awr|dCr�mntT� o\�
n
t^y{z;aXmnipoqc;r

fi(x1, . . . , xn)
ijc

n
zgc;®{c;oX��c;r

xiijc;r�il~Ct-mn�gt#ipc{mntTvn��a\hE�\t+k�m|oqv
X = {X1, . . . , Xn}

��i�mn�
xi ∈ Xi

�5o\v
i = 1, . . . , n

�
�8ipv�r�m^�gk�oqc;r|ij~Ct^v�m|�gt�k^a\r|t-of�?ijc{m|t^v|�XafhEhjijcgt^a\v�t^y{z;aXmnipoqc;r�~CtT};cgt^~
�2d$mn�gt-�5o\hjhpoX��ijcgu�r�dCr�m|t^���

A.x = b
�¶¤g� «{�

��ipm|�
A
a\c�ijc{m|tTvn�XafhF��aXmnv|ip��afc;~

b
afc
ipc{m|t^v|�Xa\h=�qt^k�m|o\v+���2o\hj�2ipcgu�m|�;ijr�hjipc;t^afvsijcqmntTvn�XafhEr�dCr�m|t^� v|t+yqz;ipvnt^rxm|o

~CtTm|tTvn��ipc;t
afc�ipc{m|t^v|�Xa\hK�qt^k�mno\v
X0

k�oqcqm�afijcgijcgu)afhjhFr�oqhpzCmnipoqc;r�o\� afhjh=rnkTa\hja\v�hjipc;t^afvsr�dCr�m|t^��rxcgo\m|t^~
A.x = Br|z;k��$mn�;aXm

A ∈ A
afcK~

b ∈ b
���8ipc;~gipcgu

X0
ijr�a�~Ci��$kTzgh�m�egvno\�;hpt^���;zCm�m��xo��;a\r|ijk
ijcqmntTvn�Xafh=�wtTm|�goC~grs��a�d

egvnoX�2ij~Ct+~�a\c�oX�qtTv�t^r�m|ij��aXmnt^~
ipc{m|t^v|�Xa\hE�\t^k�m|oqv
X1

ijc;k�hjz;~Cijcgu
X0

�
��o\m|t�mn�;aXm	�-a\z;r|r|ilafc�t^hpij��ipcKaXm|ijo\cP�so\vn®Cr�a\hjr|o��5o\v#ijc{m|tTvn�Xafh�hjipc;t^afv�r|dCr�mntT��r^��ãËc;~CtTt+~E� ipm�ilr#eKo{r|r|ij�ghpt

m|o
u\tTm
X1

ip��mn�gt
�-a\z;rnr�egij�\o\mnr�~Co�c;ofm�kTo\c{mna\ipc·afc2d¯ÕTtTvno$ijcbmn�gt)mnv|ilafc;u\zghlafvnijrnaXmnipoqc¯egv|oCkTt^rnrT��ç�oX�stT�\t^v^�
ijc·uqtTcgt^vna\h mn�gt�k�o\��egzgm|t^~·ijcqmntTvn�Xafh�afvnt�mno{o¯��il~Ct�afc;~¼a�e;v|t+k�o\cK~Ci�mnipoqcgcgijcgu�ilr-vnt^y{zgijv|t+~E�)���;afm^½ r�mno�r|a�d
aP�)z;h�mnipeghjilkTaXmnipoqc of�-�Ko\m|� r�il~Ct�o\��t+yqzKaXm|ijo\c ¤g� «P�2dÝm|�;t�ipc2�\t^vnr|t¯of�#a¼�wil~2��eKoqipc{m�o\�

A
�×���gt���aXmnv|ip�

m(A)−1
A
ijrsmn�gtTc��Tk�hjoqr|tTv
��m|o�mn�gt#il~CtTc{m|ipm�d$��aXmnv|ip�
a\c;~
m|�gt#��il~2m|�¯o\�

X1
ijr�r���afhjhjtTv-¢ £\¬�¨��

»�c;ofm|�;tTv-�xt^hph8®2cgoX����t�mn�goC~��5o\v-r|o\hj�{ijcgu
ipc{m|t^v|�Xa\h8r|dCr�mntT�¯�Fijr
m|�;t
�-a\z;r|r����2tTil~CtTh8ipm|tTv�aXmnip�qt)��t�mn�goC~E�
�goqv�t^aqk��
zgc;®{c;oX��c;r

Xi

�Cmn�gt�afhju\oqv|ipm|�g�Ñ¢j¥\¥�¨ ijr�~gt�};cgt+~��{d$m|�gt-�5oqhphjoX��ipc;uwipm|t^vnafm|ij�\t�egvno2kTt^rnrT�

Xk+1
i = (bi −

i−1
∑

j=1

Ai,jX
k+1
j −

n
∑

j=i+1

Ai,jX
k
j )/Ai,i ∩ Xk

i

�_¤g�â¦\�

»�u{afijc0�Ea$egvnt��Ëk�oqc;~Cipm|ijo\cgijcgu�r�mntTe���a�d�afhjhjoX�Bmno�r|�gvnipc;®
mn�gtw��ij~2mn��o\��m|�gt�k�oq��egzCm|t+~bijc{m|tTvn�XafhlrT� � t�mna\iphlr
o\c
m|�;t#ip��eghjtT��tTc{m�aXm|ijo\c¯o\� m|�;ijr�a\hpuqo\vni�mn�g� k^afc��Kt-�5oqzgc;~�ipc¼¢j¥\¥�¨��
��o\m|t-mn�;aXm�m|�;ijr���tTm|�goC~�ijr��\tTvnd$k�hjoqr|t�m|o$£ ���Ck�o\cKr�ilr�mntTc;kTd�};hpm|tTvnijcguwm|t^k��;cgijy{zgt+r#�_r|tTt�r|t^k�m|ijo\c�«{���

�?o
r|o\hj�\t�cgoqcC��hpijcgt^a\v�r|d2r�m|t^��rT�Km|�gtwãËc{m|t^v|�Xafh8��t^��m|o\c·afhju\o\vnipm|�g� ijr
of�@mntTc·z;r�t+~E�
ç�tTvnt)ilr�ipmnr
u\t^cgtTv�afh
rnk��gtT��ag�

Xk+1 = N(x̃k , Xk) ∩ Xk

��i�mn�
N(x̃k, Xk) = x̃k − A.f(x̃k))

�_¤g� §q�

A
ilr�afc¯ijcqmntTvn�Xafh0��aXmnv|ip�$mn�;aXm
kTo\c{mna\ipcKr�afhjhEm|�gt#ijc2�\t^vnr|t-of�8m|�gt !{a\kTo\�gilafc���aXm|vnip��of�4m|�;t�r�dCr�m|tT�

F
�����gt

rnkTafhlafv
x̃k

�)z;r�m��=t�k��go{r�t^c�ijc;r|ij~Ct
Xk

�5�5o\v�tT�gaf��eghjt�m|�gt���il~2��eKoqipc{m�of�
Xk

���4���2z;r^�f�5oqhphjoX��ijcgu-egv|oqeKt^v�mnipt+r��
�goqhj~E�

•
ã��

N(x̃k, Xk) ∩ Xk = ∅
�2mn�gtTc�mn�gt�r�dCr�m|t^�

F
�Ka\r�cgo�r|o\hjzCm|ijo\c�ipc

Xk
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•
ip�

N(x̃k, Xk)k ∩ Xk ⊂ Xk

�Cm|�;tTvnt�ilr�oqcgt-o\v���o\vnt�r|o\hjzCmnipoqc
ijc
Xk+1

�
���gtw~Ct�mntTvn�wijc;afm|ijo\c�of��mn�gt)��afm|vni��

A
ilr�a
k�vni�mnijk^afh ilrnr�zgt)of�4m|�gt+r�t)m�d2eKt�of��afhju\oqv|ipm|�;����`bafm|vni��

A
ilr

m|�;tsijc2�\t^vnr|t�o\�;m|�;t !{a\kTo\�gilafc���aXm|vnip�
A = [F

′

(Xk)]−1 tT�Xafhjz;afm|t^~)oX�\t^v mn�gt�ipc{m|t^v|�Xa\h{�qt^k�m|o\v Xk

�4ç�oX�stT�\t^v^�
ijc{�qtTv|m|ijcgu�afc�ipc{m|t^v|�Xa\h=��afm|vni�����a�d��=t#�\t^v|d�tT�2e=tTcKr�ij�\t�ipc�mnip��t#afc;~�r|e;a\kTt\�����gt#afhpm|t^v|c;afm|ij�\t-k�oqc;r�ilr�mnrsm|o
r|o\hj�\t�mn�gt-hpijcgt+afv�r�dCr�m|t^�

F
′

(Xk)(N(x̃k , Xk)− x̃k) = −f(x̃k)
m|o�~Ct�mntTvn�wijcgt

N(x̃k, Xk)
�����gilr ��o\�¯kTa\c

�=t�~Co\cgt-�2d�oqcgt�m|�gt�a\hpuqo\vni�mn�g��rsegv|t+r�t^c{m|t^~
egvntT�2ijo\z;r|hpdb�¶r�t^t�¢ £\¬C�;¤\ªX¨@���
���gt��-vna���k�Õ^d{®
r|k��gt^��t)ilr�afc�ipc{m|t^v|t+r�mnipc;u�a\~ga\eCmnafm|ijo\c�o\��m|�gtwr|k^afhlafv
r|t^k^afc{m���t�mn�goC~E��ã�m�ijr�~CtT};cgt^~

m|�;v|oqzgu\�
m|�gt#ipm|t^vnafm|ij�\t-r|k��;tT��t\�

Xk+1 = K(x̃k, Xk)∩Xk

��ipm|�
K(x̃k, Xk) = x̃k − [f(x̃k)]−1f(x̃k)+(I− [f(x̃k)]−1F

′

(Xk))(Xk − x̃k)�_¤g���f�
���gt�egv|oqeKt^v�mnipt+r�o\��m|�gilr-r|k��gt^��t)afvnt�z;r|t^~��2d�`�o2o\vnt$¢â£f¤�¨8m|o�k��gt^k�®
m|�;t�tT�2ilr�m|tTcKk�t)a\c;~¯m|�;t�zgc;ijkTi�m�d¯of��a
ÕTt^v|o�afc;~�m|�;t�kTo\c2�\t^v|uqtTc;kTt�of��m|�gt�rnk��gtT��t\�w��o\m|t�m|�;afm�mn�gilr#r|k��gt^��t�z;r|t^r�oqcghpd¯mn�gt�ipc2�qtTv�r�t�of�sa�rnkTafhlafv
��aXmnv|ip��kTo\��e;afvnt^~�m|o�mn�gt�ijc{m|tTvn�XafhE��aXmnv|ip�
ijc2�\t^vnr|ipoqc
o\�?mn�gt���t^��m|oqcbr|k��gt^��t\�����gilr���tTm|�goC~�ijr��_a\r�m��gzCm
t��$kTipt^cqm�oqcghjd��5o\v�r|��afhjhE��ij~2mn�¯ipc{m|t^v|�Xa\hE��a\v|ilaf�;hpt+rT�

�?R ��W=S?³^UTVX²g]¶SFU��8V�W=ÛKV�²;ÜÝÜÝ]_S8Û R����gilr�r|t^k�m|ijo\cºvnt^kTa\hphlr�m|�;t$�;a\r|ilkTr#o\��kTo\c;r�m|v�afijc{m�egvno\u\v�af����ijcgu
m|t+k��gcgily{zgt^r-���gilk��Pafvnt�vnt^y{zgijv|t+~�mno�z;c;~CtTv�r�mnafcK~bmn�gt�v|t+r�m-of�sm|�;ijr-e;a\eKt^v^� � t�mna\iphjt^~P~Cilrnk�z;rnr�ijo\c·of�xm|�gt+r�t
k�oqc;k�t^eCmnr�a\c;~�m|t^k��;cgijy{zgt+r�kTa\c
�=t-�5o\z;c;~�ipcP¢ «g�0¥��+¨��

�?R_Q=R ��Þ8¸�ÛK¸2S8¸{V�²;Ú	�¶VX²gÜß¸�
�W;V�� R-���gtskTo\c;r�m|v�afijc{m?egvno\uqvna\���wijcgu��5v�af��t^�xoqv|®�ijr8�;aqr�t+~#o\cwa��gv�afcKk��

 egvnzgcgtwr|k��gt^��a����gilk�����a\r�ijc;r|egijv|t+~��2d
mn�gt�mnvnaq~Cipm|ijo\c;a\h?�gv�afcKk��bafc;~��=o\z;c;~�a\egegvnoqa\k��¯z;r|t^~bipc·o\eCmni��
��ijrnaXmnipoqc
e;v|oq�ghpt^��rT�����;afm^½ rsm|o$rna�d\�2i�m�ilr��=t^r�m��2ipt^�xt+~
aqr�afc�i�mntTv�aXm|ijo\c�of�?m��xo�r�m|t^e;rT¢ ¤\¤X¨��

¥\����vnzgcgijcgu�m|�;t�r�t+afv�k��
r|e;a\kTt\¿
£C��`ba\®{ijcgu�a�k��go\ilk�t�mnowuqtTcgt^vnafm|t
m��xo��_o\v���o\vnt+�sr|zg�C��egv|oq�ghjtT��rT�
���gt-egvnzgcgijcgu�r�mntTe�tTc;r|zgvnt^rxm|�KaXm�r|o\��t
hjoCkTa\h0k�o\cKr�ilr�mntTc;kTd��go\hl~gr^�4ãËc�o\m|�gt^v��xoqvn~gr^�{m|�gt#e;v|zgc;ipcgu�r�m|tTe

vnt^~Cz;kTt^r�afc·ipc{m|t^v|�Xa\h?���gt^c�ipm-k^afc·egv|oX�qt#m|�KaXm�m|�gtwzgege=tTv-�=o\zgc;~·o\v
m|�;t�hjoX�xt^v��=o\zgcK~�~Co2t^r�cgo\m-rnaXmnijr��5d
r|o\��txkTo\c;r�m|v�afijc{m^� ãËcg�5o\vn��a\hphjd#r�e=t^a\®2ipcguK�Xa
kTo\c;r�m|v�afijc{m?r�dCr�m|t^�

C
r|afm|ilr�}Kt^r8a�e;a\v�mnija\h{kTo\c;r|ilr�mntTc;kTd�e;v|oqeKt^v�m�d

ip�#aPvntThlaX�gafm|ijo\cßo\�
C

ilr$k�oqc;r|ijr�m|t^cqm+� �;o\v�ijc;r�m�afc;kTtbk�oqc;r�il~Ct^v
X = [x, x]

afcK~
C(x, x1, . . . , xn) ∈ C

�
Ó �gt^cgtT�qtTv

C(x, x1, . . . , xn)
~Co2t+r�cgo\m��go\hl~
�5o\v�afc2d��Xafhjzgt+r

a ∈ X = [x, x′]
�;m|�gt^c

X
��a�d
�Kt�r��gvnijcg®\t+~

m|o
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• Op(D) ⊆ D
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�Cmn�gtTvnt#t��Cilr�m��Xa\hpzgt+r�ipc
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�ánÈfÉgè�Ã�Ì|ÎXÁ@ÉKÃsÈXÍXÊTÌ

(x1, . . . , xk) # c
Álè%$'&)({á�ÈfÉgè�Álè�Ã�ÊTÉ=á�
$Á �+*

∀i,xi = �{x̃i | ∃x̃1 ∈ x1, . . . , ∃x̃i−1 ∈ xi−1, ∃x̃i+1 ∈ xi+1, . . . , ∃x̃k ∈ xk
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c(x̃1, . . . , x̃i−1, x̃i, x̃i+1 . . . , x̃k)
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P = (X, C)
Álè#Ã@Ä;Ê@�- 
"

P ′ = (X ′, C)
è�å;ánÄ�Ã@Ä;ÎXÃ>*

• P
ÎXÉFÂ

P ′
ÄgÎfÍ�Ê)Ã@Ä;Ê#èTÎfÅ�Ê�èTÈXÏæåCÃ�Á_ÈXÉ;èBA

• P ′
ÁlèC$0&1(D��ÈXÉgè�Álè�ÃËÊ�ÉKÃEA

• X ′ ⊆ X
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$ # c(x1, . . . ,xi−1, (xi
−,xi],xi+1, . . . ,xk) #
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