IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 2, FEBRUARY 2000 477

Adaptive Blind Source Separation for Virtually Any
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Abstract—Blind source separation (BSS) aims to recover a set In a number of cases, it is required to extract the source sig-
of statistically independent source signals from a set of linear mix- nals in real time. For instance, in the biomedical problem of

tures of the same sources. In the noiseless real-mixture two-S0UICEtetq) glactrocardiogram extraction [19], such adaptive methods
two-sensor scenario, once the observations are whitened (decorre-

lated and normalized), only a Givens rotation matrix remains to be would allow on-line monltorlng and condition diagnosis of Fh,e
identified in order to achieve the source separation. In this paper, fetus's heart. In other situations, the parameters of the mixing
an adaptive estimator of the angle that characterizes such a rota- system or the source signals are not stationary but are subject
tion is derived. Itis shown to converge to a stable valid separation to variations with time. A typical example is a multiuser mobile
solution with the only condition that the sum of source kurtosis be -y njication system [3], where those variations in the mixing
distinct from zero. An asymptotic performance analysis is carried .

out, resulting in a closed-form expression for the asymptotic prob- pattern oc_cu_r asthe u_sers roam afo““‘?" thl_JS altering the C_han_nel
ab|||ty density function of the proposed estimator. It is shown how CharacterIStICS. Even |f the users remain St|", the Channel IS St|”
the estimator can be incorporated into a complete adaptive source subject to time variations (fading) due to changing atmospheric
separation system by combining it with an adaptive prewhitening conditions and environment. In all these instances, the perfor-
strategy and how it can be useful in a general BSS scenario of more mance of so-called batch processing or off-line methods would

than two signals by means of a pairwise approach. A variety of sim- b d adapti d f
ulations assess the accuracy of the asymptotic results, display the € very poor, and adaplive procedures are necessary lor a rea-

properties of the estimator (such as its robust fast convergence), Sonable separation performance.
and compare this on-line BSS implementation with other adaptive  Interestingly enough, the first adaptive BSS implementa-

BSS procedures. tion was also the first successful attempt to tackle the BSS
Index Terms—Adaptive algorithms, blind source separation, Problem [11]. Jutten and Herault proposed a method based
closed-form estimation, convergence and performance analysis,on a neural network architecture aiming at the cancella-
higher order statistics. tion of certain odd functions of the observations. Conse-
quently, the system is stable and provides good separation
I. INTRODUCTION sp_lutions qnly for sources with different symmetric proba-
. bility density functions (pdf's) [16]. In [5], a closed-form
INCE THE LATE 1980's, the problem oblind source expression is derived to find the orthogonal transformation
eparation(BSS) has attracted a great deal of attentiofat remains to be unveiled once the observations have been
from the signal processing community. This interest stems frgffe\whitened (decorrelated and normalized) in the basic BSS
the great number of applications that accept a BSS model aggenario composed of two sources and two sensors. The
hence, can be tackled by means of techniques for BSS. Wik of Nandi and Zarzosso [13] benefits from such a result
problem arises when a set of unobservable signals(ibeee$ 1o simplify the solution given in [12], supporting the con-
are to be extracted from a set sénsor output®r observed yepjence of a two-step approach to signal separation [18]:
signals, each of which can be regarded as a linear mixturefpét, decorrelation; second, search for higher order indepen-
the sources. The adjective “blind” stresses the fact that vef¥nce. The estimator suggested in [5] depends exclusively on
little is known or assumed about the mixing structure. This e fourth-order cross-cumulants of the whitened sensor out-
precisely the origin of the power and versatility of the BS§yts. Hence, its adaptive implementation reduces to a simple
model since in many cases, it is extremely difficult to model thgyaptive cumulant estimation, yielding the so-calithptive
transfer functions between sources and sensors, or simpdy, N@tation (AROT) algorithm. Departing from rather different
priori information is available about the mixture. Applicationgysints of view, Gaeta and Lacoume [7] and Comon [6] ar-
comprise a variety of different areas such as radar and songfe separately at the same solution to the BSS problem: a
communications, speech processing, seismic prospecting, 8ggt function (so-called by the latter author “contrast func-

medicine [3], [5]-{7], [19]. tion”) composed of the fourth-order marginal cumulants of
the whitened observations, whose maximization leads to the
source extraction. The adaptive algorithm based on this con-
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of the BSS problem and employing the “relative gradient,” they [I. PROBLEM STATEMENT
derive a family of adaptive algorithms with serial updating, i.e., Given the set off source signalsy, = [ (k) 2 (R €
.= R

the separating matrix is updated at each iteration by muItipIyir@@l wherek represents a discrete time index 4rd the vector

EH?. or;e Obtf |r|1ed ?r: the prrlgvr:ous Eeratlon b.y apot:\e; matrHsanspose operator, the purpose of BSS is to extract them from
IS class ot algorithms, which are knowneguivanant adap- -, o geq ofp (p > ¢) instantaneous linear mixtures observed at

t|v_ef separatflon via mﬂeper:dgnf_EA?rI]) ,ls. sr:ﬁwn tol_th'ﬂL the sensor outputyr, = [y1(k),...,yp(k)]" € RP. If matrix
uniform performanceharacteristics, that is, the quality of the, ,” ~ (mi;) € RP7, which is also callednixing or transfer

source -est|mat|.o n does not depend on the particular valge gtrix, contains the mixture coefficients, then the BSS problem
the mixing matrix. In contrast with the other two methods cite :
. . ; ccepts the matrix model

above, the performance analysis of this latter method is easily
accomplished with the conventional tools for the study of sto-
chastic algorithms. On the negative side, the stability of the al-
gorithm is very dependent on the choice and tuning of certaj
nonlinear functions with respect to the source statistics, whi
in a genuine blind separation problem are not knevgmiori. In

ykIMXk, /{;:1,2,... (l)

#e channel variability in nonstationary environments would
e modeled by allowing the mixing matrix to be time-varying,
addition, its convergence to nonspurious solutions is not gu%’“ = (mi;(k)). In addition, in general, the observations

would be noisy, yielding an additive noise vector € R? on

anteed. ) ; .
The objective of this paper is to put forward a new methotge. right-hand side .Of mo<_je| (D). Ho_wever, in the sequel, only
noise-free observations will be considered.

for adaptive BSS that avoids those two drawbacks, namel W0 basic assumptions are made in order to achieve the
the dependence of the convergence on the source statistic;g P

(shown, e.g., by the methods of [3] and [11]) and the difficusource estimation and trans_fer matr_ix identification:
ties in analyzing the asymptotic performance of the algorithm A1) The sources are statistically independent.
(as seen, e.g., in the methods of [5] and [9]). By contrast,A2) The mixing matrix is full column rank.
the new procedure exhibits two very desirable properties: The first hypothesis is the cornerstone of blind separation and,
convergence (virtually) independent of the source distributigdbeit it could sound too strong, it is actually fairly plausible
and 2) straightforward performance analysis. The algorithithmany real situations, given the physical independence of the
is based on the batch-processing method introduced in [20]derlying phenomena generating the source signals.
and [21], from which the first property is inherited. From Most approaches to BSS operate in two steps [2], [5], [6],
this fourth-order off-line procedure, its adaptive counterpald0], [20], [21]. First, the observations are prewhitened by
is derived, resulting in a very simple updating rule in thestimating awhitening matrix B} (symbol ¥ denoting the
typical form of a stochastic adaptive algorithm that has bedfoore-Penrose pseudoinverse [8]), which results in a set of
so widely studied [1]. The analysis of its convergence anthcorrelated and normalized (unit-power) signals= By
asymptotic properties is presented herein as well. In pritermed whitened observationsThe operations necessary
ciple, most of the derivations are developed in the simplifid@ achieve off-line prewhitening correspond to well-known
noiseless two-source two-sensor BSS scenario, but it is aggsgond-order techniques (PCA) and, therefore, will not be
shown how the procedure can be extended to more than tdiscussed here. For on-line prewhitening, in [3] and [5], for in-
signals in the pairwise processing fashion already suggesgance, two different methods are proposed. The former method
in the literature (for instance, in [5] and [6]). Simulationds based on the adaptive minimization of the Kullback-Leibler
endorse the effectiveness of this extension. Although sorizergence between the whitened output and a random vector
of the results developed next could easily be extended to th identity covariance matrix when their respective distribu-
complex-signal case, we restrict our study to the treatmdins are truncated at the second order, i.e., when a Gaussian
of real-valued signals and mixtures. approximation is used. By employing the relative gradient of
The paper is organized as follows. In the first place, Sectidhis contrast, we arrive at the following serial updating rule for
Il describes mathematically the problem of BSS and its bagfte whitening matrix:
foundations. Next, Section Il reviews the off-line method on
which the adaptive algorithm presented here is based. The most B,Lrl = [I — Ak (zkz}C — I)] B,t. (2)
attractive feature of this batch method is that it is valid for prac-
tically any source distribution combination and does not dependThe point of interest is that once the observations have been
on any choice of functions or nonlinearities to achieve the sounseewhitened, only an orthogonal transformati@p remains to
extraction. The adaptive version is developed in Section IV. ke estimated in order to identify the mixture [5], [6], [21] and,
asymptotic performance and convergence characteristics aretaos, the sources ag, = s, = @} z. If the time structure is
alyzed in depth in Section V, whereas its computational congnored or cannot be exploited, as in the i.i.d. case, the esti-
plexity is studied in Section VI. Section VII reports on somenation of this matrix requires the higher order statistical infor-
simulation experiments carried out in order to test the validitpation of the data. Several different methods to estimate
of the theoretical results, as well as to compare the proposethlock fashion are reported in [5]-[7], [10], and [21]. In this
method with other adaptive implementations. Section VIl copaper, we will focus on the adaptive estimationcaf The ob-
cludes the paper. tained results will then be combined with existing prewhitening
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OBSERVED
|

strategies, such as that in (2), in order to yield a complete se|_
aration system. Fig. 1 summarizes graphically the typical set
for adaptive BSS, as well as the terminology and all the matr
and vector relationships referred to above.

B, 2 g sk

ENSOR WHITENED OUTPUT SIGNALS
'UTPUT OBSERV. (ESTIMATED
WHITENING ORTHOGONAL * 5ouRCES)
ll. A B ATCH-PROCESSINGMETHOD MATRIX TRANSFORM.
UNKNOWN
This section briefly reviews, for the sake of completeness, W= QLB!

method proposed in [20] and [21] for the estimation of the or- SEPARATING MATRIX

thogonal matrix@? from a batch of whitened observation sam- Go= W. M

ples. The main results are summarized in Section IlI-A for the GLOSAL SYSTEM

noiseless BSS scenario composed of two sources and two sen-

sors. A generalization to more than two signals can also be cg- 1. Graphical depiction of the adaptive BSS, summarizing the nomen-
ried out as in Section 11I-B clature and notation employed throughout the paper.

A. The EML: A Fourth-Order Angle Estimator Step 1. Obtain whitened signals from given ob-
In the two-signal case, unknown matiix becomes an ele- servations (PCA). Consider the whitening-
mentary Givens rotation matrix, which can be parameterized as matrix (pseudo)inverse and the whitened
signals as a first estimate of the mixing ma-
cosf —sinf 3 trix and the sources, respectively: B —+ M,
@Q sind cosf |- ) z =X o
Step 2. For all signal pairs %,; = [&;, £;]"
Hence, the estimation @} reduces to the estimation of angular 2.1. Estimate (2 x 2)-unitary transforma-
paramete#. The following closed-form estimator of anglds tion Q? from EMtL estimator (4) (with
developed and studied in [20] and [21]: (21, 22]° = [84, &) R
) 2.2 Counter-ro:cg.te: lipdate ®ij = Q%5
fenr = ~angle(€ - sign(+)) 4) M., 5) 3= M.y;, 5)Qi5, Where M.(;, ) de-
4 notes the matrix composed of only the
with ith and jth columns of M.
Step 3. Repeat from Step 2 until convergence.
A )
: :E[(21 +j22)4] ©) Fig. 2. Batch algorithm for BSS of h ignals via the EML esti
A 2 19. 2. atch algorithm for of more than two signals via the esti-
v =F [(212 + 23) } -8 (6) mator.

wherez = [z1, z|* den he whitened signals, gne /—1 . "
erez = [z1, 2] denotes the whitened signals, ane extended MI(EML). In fact, all the previous AML conditions

is the imaginary unit. The angle or argument function “afigfe . D
provides t?]e pr?/ase [, 7] o?its com?olex argument Thg?ermare reduced to the much weaker single restriction on the sks. For
(21 + j=2) can be interp’reted at each time instant, as the co%IcUII account on this batch estimator, see [21]. The linkage be-

plex form of the corresponding whitened-output bidimensionglllveen the EML method and the procedure of [5], together with

. . umber of other interesting results on closed-form estimators
scatter-plot point. Consequently, the sample estimate of (5) O'S BSS, are investigated in§[122]. Finally, by combining the re-

be considered as a centroid in the complex plane calculated a . .
the average value of such points raise?d topthe fourth powap.ﬁs of [2] and [21.]’ the uniform performance of the EML esti-
Remark that¢ is a complex-valued quantity, although we argmtor can be easily proven.
dealing with real mixtures. The term (6) is an estimate of the ) .
source kurtosis sum (sks) + #g,)- B. Extension to General BSS Scenario

The simple algebraic formalism in terms of complex-valued The estimator presented in Section IlI-A is designed to op-
centroids simplifies the characterization of the statistical proprate on two-sensor mixtures. Its extension to the general BSS
erties of the estimator [21]. As we will see in Section V, anakcenario composed of more than two mixtures of more than
ogous analysis simplifications will be obtained for its adaptivievo sources can be done by applying expression (4) in turn to
counterpart. Batch estimator (4) is shown to provide a valid segach pair of decorrelated measurements until convergence. This
aration solution as long as the sks is not mil) + 3, # 0. heuristic notion was originally suggested in [5] and found math-
Under this basic condition, it is found to be unbiased for argmatical justification in [6] when contrast functions of polyno-
sample size when there is a symmetrically distributed sounsgal form are utilized. Even though the convergence of such it-
and asymptotically unbiased and strongly consistent in the i.igtative scheme still lacks a solid mathematical proof, numerous
case. An analytic expression of its asymptotic pdf is derived apsperiments endorse the empirical validity of this generaliza-
an interesting geometrical interpretation provided. Remarkaltien [21]. Fig. 2 summarizes this pairwise algorithm for more
connections with the approximate ML (AML) estimator of [L0than two signals. The number of sweeps over all signal pairs
are also made. It is shown to generalize such an estimator, whigitessary for convergence was empirically found to be roughly
was originally derived under quite restrictive conditions, to vithe same as the value proposed in [6], that is, on the order of
tually any source distribution combination, hence, the acronyim- /3.
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IV. ADAPTIVE SOURCE SEPARATION At each sample instant k:

Step 1. Obtain whitened-output sample from cur-

A. Adaptive Algorithm in the Two-Signal Case rent observation sample via a suitable adap-

The derivation of an adaptive algorithm from the batch ver- tive pre-whitening method. Consider the
sion depicted in Section 1lI-A reduces to the adaptive estima- resulting whitening-matrix (pseudo)inverse
tion of the centroid location (5) and the sks (6). It is this sim- and the whitened sample as a first estimate
plicity that will lead to a straightforward analysis of the asymp- of the mixing matrix and the source sample,

respectively: By — My, z2i — Xg.-
Step 2. For each sweep number ¢ repeat Step 3:
Step 3. For all signal pairs %;; = [£;, £;]%

3.1. Update centroid £§;)(k) and sks

totic properties of the resulting algorithm.
Let 14 denote the fourth power of the prewhitened observa-
tion scatter-diagram point at time instant

v = (z1(k) +jz2(k))4. @) 'yz(;)(k) using egns. (8) and (9) (with
[21, z2]* = [&:, &]%).
Equations (5) and (6) can then be written, respectively, as 3.2. Estimate (2 x 2)-unitary transformation
E[v] andy = E[|v| — 8]. Therefore£ andy may be obtained Q!9 from adEML estimator (10).
in an adaptive fashion from 3.3. Counter-rotate: update
s .— (O
%y = Q) T _
&k I(l - Nk)gk—l + bV (8) M, = Mk;[;_j]Qf;;)a where Mj, o
i =(1 — pp)¥e—1 + px(|vr] — 8) 9) denotes the matrix composed of only

the ith and 7th columns of M.

wherey;, is the adaption coefficient at iteratidn This coeffi-
cient balances a tradeoff between convergence speed and agigu3. Adaptive algorithm for BSS of more than two signals via the adEML
racy, as it is well established from the standard theory of adagstimator.
tive systems [17]. Ifu, = 1/k, then (8) and (9) become the
adaptive equivalents of the sample estimates (time averagesj'6t obtained through a suitable adaptive prewhitening method.
(5) and (6), respectively. The rotation anglds estimated at Then, the resulting vector sample is processed in sweeps over all
each iteration from the above two parameters by replacing (8 component pairs. For each sample pair, the associated cen-
and (9) into (4) troid and sks estimates are updated, as in (8) and (9), and the
resulting angle estimate (10) is obtained. From it, a counter-ro-
0, = langle(gk - sign(yz))- (10) tationaiming at separation is performed on the sample pair. The
4 process is repeated in turn over all the other pairs and over sev-

In the following, a constant adaption coefficient will beeral sweeps. Itis important to remark that the values of the cen-
assumedy;, = u, Vk. This choice, in turn, allows the trackingtroid and sks associated with a given signal pair are indepen-
of nonstationarities in the mixing system, which is one diently stored for each sweep. If the signals are stationary, the
the main rationales behind the use of adaptive separat@ngle values obtained by this adaptive procedure will converge
procedures. In that case, (8) may be written in the forta those of its batch counterpart. This adaptive algorithm is out-
& = N22=1(1 — )*~"y,,. Taking expectations at bothlined in Fig. 3. This pairwise extension is very similar to that
sides of the previous equation and assuming i.i.d. mixtureégiggested in [5] for the AROT method.

Ela] = [1- (1= wMEM = [1 = (1= ME —pmné

for 0 < p < 2. That is, adaptive estimator (8) of centroid V. ASYMPTOTIC ANALYSIS

(5) is asymptotically unbiasedOn the other hand, assuming The most appealing feature about the adaption scheme (8),
L.i.d. source processes, the variancepfbecomes V4t,| = (9) is that it accepts the classic adaptive algorithm form [1]
(/12— u)[1 = (1= )M Var(v] =1 —oo(p1/[2 — 11]) Varly] SO
that it can be made arbitrarily small by choosimgufficiently Ep = Ep—1 + i H (Ei—1, 1) (11)
small. Totally analogous conclusions hold for adaptive esti- ) ) -~

mator (9) of the sks. These preliminary asymptotic results le¥fpere, from (8), functior (-, -) can be identified as

tq E[ék] — koo ¢ if the sks is _not null si_nce in that caﬁML HE ) =v—¢ (12)
given by (4) is also asymptotically unbiased [21].

Estimator (10) is referred to esdEML for adaptive EML and, accordingly, for (9). As a result, the standard tools for the
A more exhaustive analysis of its convergence and asymptasitidy of stochastic algorithms of this general form can be em-
properties is carried in Section V. Next, we address the extgsloyed to analyze the convergence properties of the one sug-
sion of this adaptive scheme to BSS scenarios of more than ty@sted herein. Our main goal is to obtain the asymptotic pdf of
signals. the adEML estimator (10).

B. Adaptive Algorithm for the General BSS Scenario A. The ODE Method

The extension of adaptive scheme (10) to the broader BSSn the first place, the ordinary differential equation (ODE)
scenario in which more than two whitened observations appeaethod is employed to study the trajectories of the centroid lo-
is very similar to that for its batch counterpart described in Secations (11). This method approximates the true trajectories of
tion I11-B. Now, at each time instant, a whitened-signal sample tee parameters of interest by the discretized solution of certain
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ODE. It is shown [1] that under quite general conditions and iR = Cov[fk] is given by the solution of the Lyapunov equation
the limit of an arbitrarily small adaption coefficient, the true tra2h¢ (&) P + R(&.) = 0, with

jectories followed by, converge to the continuous function of -
time {(t) discretized at time instants = k., £(t) being given R(E) 2 CoMH (€. ). H(E. v, 17
by the solution of the ODE(t) = h(£). The termh(-), which (= > CoMH(Em),HiE, ) (7
is calledmean field is obtained from the functio# (-, -) as

k=—oco

In conclusion, the distribution of the centradg is asymptoti-
cally normaléy, — «— o N(&,, o—g) with mean¢, and variance
#—0

(&) £ E[H(&,m)] = & — ¢ (13)

o = P = pR(E) /2. (18)
whereé, = E[v4] is the population centroid location (5), and o )
symbol E£[-] denotes the expectation with respect to the distr.he pdf ofé;, for & large enough and sufficiently small is then
bution of the state,, for a fixed value o whenu;, is asymptot- P¢(§) = (1/2m07) exp(=[I§ — &[[*/(20F)), which, as a func-
ically stationary. The conditions for the validity of this approxition of the real and imaginary partof= w; +jw,, becomes the
mation are, essentially, that the adaptation coeffigieine very Product of two uncorrelated real Gaussian pgfu, ws) =
small and the functiod — H (¢, ) be fairly regular. Having a (1/2m0) exp(—[(w1 — w1,)? — (w2 — w2.)?]/(207)), with

look at (12), it is clear that the last condition holds. In our casé; = wi. + jw2.. Now, we are ready to develop an expression
it is straightforward to obtain for the asymptotic pdf of the adaptive angle estimator (10).

D. Asymptotic Pdf of the adEML Estimator

() =&+ (fo—&)e (14) First, if & is sufficiently large angl: sufficiently small, it can
i L i be reasonably assumed that the sign of the sks is accurately es-
whereg, is the initial value, i.e.5y = £(0). For the source yiyateq 5o that it becomes a constant, and then, the (gfgn
kurtosis trajectories, the solution of its ODE is also readﬂyfoqumction in (10) may be neglected. In those conditions, and as-
as suming, with no loss of generality, that such a sign is positive,
we have
A(E) =7+ (o =) e (15) .
= 46 = angl€¢). (19)
where, againy, = +(0) isthe initial value, and.. = E[|vx|—8] ) ) ) ]
represents the population sks (6). This last expression naturally induces the change of variables
w1 = rcosd andws = rsin é. Integrating the joint pdf ofr, &)
with respect ter, the marginal pdf o, ps(é), is obtained. With
the help of the symbolic mathematics package MAPLE™ [4]

Theequilibrium pointsor attractorsof (11) are those values and after some tedious algebraic simplificatignsturns out to
of ¢ such that the mean fieltl(-) vanishes. Thereforg, = & pe

is the unique attractor of (8) [or (11)], as seen from (13) and

6

B. Stability of the Equilibrium Points

. . . . . 2
taking hm't_>C><> &(t) in (14)..An attractor is said to biecally ps(6) = 1 exp —nz 4 1 K+ cos(5 — 46)
asymptotically stabléLAS) if and only if [1] 27 20 e/ 8m
oh X exp < it sin’(6 — 49))
N 2
he(§e) = o7 (16) 20¢
9 |emc. 1
+ —
has a negative real part. In the case of interest, and according % {1 +ert <0—5\/§K cos(8 49)) } (20)

to (13),h¢ (&) = —1 < 0. Hence, the equilibrium poirg, is

LAS always, regardless of the source distribution and the miximghere the symbat denotes the absolute value of the sks

structure. Analogouslyy = +. is the unique LAS equilibrium LA . .

point of its respective ODE. Therefore, the attractors of (10) are KT = |v] = |G + Koal - (21)

LA.S as weII._ On the other hand, sin¢g ‘F.".nd.’y"‘ converge to With 1 defined as above, it is easy to prove that pdf (20) is also

their population values, the adEML equilibrium points constg licable to the case of negative sks. Finally, from (19)

tute valid separation solutions under the EML basic conditioﬂOp 9 ' Y.

on the sks. In conclusion, under such a condition, the attractors pé(é) = 4ps(46) (22)

of adaptive estimator (10) provide LAS valid separation solu-

tions. which is the pdf o, given by (10) wherk — oo andy — 0.

Pdfp, is an even function off — 6), and henceE[f] = 6,

C. Asymptotic Normality of the Centroid Locations that is, adaptive estimator (10)asymptotically unbiased

" . . Gaussian ApproximationSimilarly, as occurred for the
Under the aboye cpnqnlons, I S proved n [1, Th. 2 ch. atch EML method (see [22]), asymptotic pdf (20) admits a

that the asymptotic distribution @f, is Gaussian. Specifically Gaussian approximation. jf is small enough, the ratio; /r+

VAN .
& = pm 2 (=) — - N(0, P7), where the covariance hecomes small too [since; is proportional to,/fz; see (18)],
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and henceexp(—n+2/(2rf§)) ~ 0. In addition, the pdf is 2 ; : ; : :
mostly concentrated arourfd= 46 so thatcos(é — 46) ~ 1, 1 5 : : :
sin(6 — 46) = (6 — 46), and erf-) =~ 1. Consequently, pdf (20)
reduces to

e 1 —(& —46)?
ps(8) uzopé(é) N \/%(ag/;{l')e)(p{ 2(0¢/rT)? } - (&)
That is
§ 5 N0, (0¢/s")) (24)

in which < indicates convergence in distribution [14]. From
this key result and (19), the asymptotic variance of the adaptive

EML is readily obtained as % 1 > 3 A 4 5 6
o,/
A o2 5
Varfy] — o2 = — 3 (25) _ . - .
k—oo 16t Fig. 4. Asymptotic standard deviation of the adEML estimator versus para-

w0 metero, /x+. Solid line: From analytical pdf (20). Dashed line: From Gaussian

Fig. 4 checks the quality of this approximation. The starfPProximation (23).
dard deviation off obtained by numerical integration of pdf
(20) is compared with the one obtained from the Gaussian & & real multiplication. A complex product, hence, takes four
proximation (23) [the square root of (25)]. The difference bdlops and the multiplication of a real by a complex quantity
tween both is within 1% fop, /st < 0.138. Note also that (.real—complex producF) two flops. At each time instant (i_tera-
from (20) and (22), when the ratig /x+ becomes large (which tion) & and for each signal pajt;, #,]*, the source-extraction
occurs when either the adaption coefficient is large too or tégorithm described in Fig. 3 can be broken down in the fol-
sks is close to zero), the distribution &f tends to a uniform lowing elementary steps:
pdf U(—(n/4),(n/4)) with standard deviation 25.98This 1) Computation of, (7): two complex products- 8 flops.

agrees with the behavior observed in the solid line of Fig. 4. The computation ofi, | takes no additional flops since it
can be evaluated &s./?|2 by using interim results of the
E. Remarks 1/2

computation ot from v,
In order to bring this analysis to an end, there are a couple of2) Centroid updating (8): two real-complex produets 4
remarks worth pointing out. In the first place, due to the relation-  flops. Sks updating (9): two real produets2 flops.
ship between the source and whitened-output scatter plots [20].3) Computation ofé;, (10) and rotation matrix set-up (3):
[21], it can be proved thaR [see (17)] does not depend on the This would be platform dependent as it could be done
unknown parameter of interest but only on the source signals. through a look-up table or even with fast built-in func-
In fact, assuming i.i.d. processédsjs easily shown to reduce to tions. Say it takeg flops.
4) Rotation: four flops.
_ _ Fa VAT — PRy This makes(18 + f) flops per signal pair per iteration.
R(&.) = Varly] = Var((z1 +jz)"] = Var((z: +jz2)7]. (26) With N sweeps over the(q — 1)/2 signal pairs, the overall

complexity per iteration of the adEML procedure becomes
Observe also that in the case of i.i.d. sources, the variaflcecadEML = (18 + f)Ng(q — 1)/2 flopliteration. Usually,

[see (18)] obtained from this value &fcoincides with the result n7 — O(/q) (Section 11I-B), yieldingCaarnr, = 0(q5/2)_

for this kind of sources |n|t|aIIy given at the end of Section IV These figures can be Compared with the values of other adap-

wheng — 0. Consequently, the variance [see (25)] and, henagse methods, such as AROT [5] and EASI [3]. The former pro-

the performance of the adEML estimator does not depend on th&jure entails a higher complexity since it involves divisions

mixture but only on the source signals and, more specifically, @d square roots. However, with the equivalent centroid-based

their statistics up to the eighth order. The uniform performanggrmalism proposed in [22] for the AROT estimator, we ob-

property of batch estimator (4) is therefore inherited by its adagin Cyror = (14 + f)Nq(q — 1)/2. AROT's computational

tive counterpart (10). cost is thus very similar to adEML's. By analogous reasoning,
Finally, it is also interesting to realize the striking resemhe complexity of EASI's orthogonal-matrix serial update plus

blance between the asymptotic pdf of the adaptive estimatjurce-sample extraction can be determine@@ss = ¢° +

(10) and the large-sample asymptotic pdf found in [21] for itg;2 + /; = O(4?), where each nonlinearity element takes

block-processing version (4). flops (e.g., for cubic nonlinearitie$:= 2). An extra overhead
would have to be added in the normalized version of the algo-
VI. COMPUTATIONAL COMPLEXITY rithm. Typically, hence, EASI is more involved than the other

We now measure the computational burden of the adapti¥ methods.

scheme presented in Section IV. Since additions are negligiblepisions by powers of two are neglected since they can be efficiently ac-
relative to products, we consider a floating point operation (floppmplished by simple register shifting.
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VII. EXPERIMENTAL RESULTS 0 : : ; ?

Salient features of the theoretical results presented in the pre = 0.5t
vious sections are to be illustrated through a variety of sim- 3
ulations. First, the theoretic asymptotic results of Section V.2 _4
are validated. Then, a comparison with other adaptive method €
is established in several contexts. These include stationary pe%_
rameters, nonstationary parameters, and abrupt changes of tIi€
mixing system, and, finally, the whole separation system com- 3
prising the prewhitening stage in scenarios of two and more thai @
two signals. £

A. Asymptotic Performance

ODE Solution:In the first place, it is seen how the ODE so- 2 Iterati:n number,|6< x10°) 8 10

lution is indeed a good approximation of the adaptive-system

actual evolution. From i.i.d. samples of two independent unitig. 5. Evolution of the source kurtosis sum adaptive estimate for a mixture of

power uniformly distributed sources and an arbitrary fixed valyo uniformly distributed signalg = 10 2. Solid line: Estimator (9). Dashed

for the rotation anglé, the solid line represented in Fig. 5 showd"®: OPE approximation (15).

the trajectory of the sks adaptive estimate (9)fee 10~2. The

dashed line corresponds to the ODE solution (15), discretized

according ta;, = uk, k being the iteration (or sample) number. 14

Both curves are remarkably similar. The estimate settles down,

roughly, from iteratiork = 5-102, corresponding té, = 5, for 1.2}

which the exponential function in (15) has dropped below 1%

of its initial value. 1
Validation of Asymptotic pdfin the second place, the accu-

racy of the asymptotic pdf found in Section V [see (20) and (23)] 0.8

is examined. We compare the empirical with the expected ana-%
lytic results for the pd ; of the adEML errorAd £ 6 — 6, o8
whered is given by (10) angb, ;(A8) = p;(Af + ). Again, o4l
two independent uniformly distributed signals act as sources,

with a fixed rotation angle of = 30°, yielding a hypothet- 0.2
ical set of two whitened observations. Frd® independent

samples of such processes, the valué(§. ) is evaluated by 0

means of the sample estimate of (26) (it was verified that iden-

tical results are obtained when computed from the sources or

the whitened signals), givingg = 61.943 (population value Fig. 6. adEML-error pdf for a mixture of two independent uniform distribu-

62_537)_ The true value of sks givgg' = | — 12— 1,2| = tions_é) = _30". Solid Iines:_ Empirical p_df estimates_, kernel method with

2.4. With these parameters apd= 10—, the centroid stan- If.“”Ct_'c’n width w. Dotted lines: Analytic asymptotic pdf (20). Dashed

. . ines: Gaussian approximation (23). @) = 1072, last5 - 102 iterations,

dard deviation expected from the theoretical results [see (18)k 0.909°. (b) 1 = 104, last5 - 10* iterations,we = 0.303°.

is o = \/pR/2 = 0.176, providing a ratiose /T = 0.073.

Now, adaptive estimator (10) is used on the figt samples of

the whitened observations. In the previous paragraph, it was ex-

plained how the ODE solution stabilizegédt ~ 5. Thisremark the kernel method, this time with = 0.303°. This estimate ap-

leads us to consider the valueglpffromk = 5/, = 5-102,i.e., pears in the solid line of Fig. 6(b). Formulae (20) and (23) pro-

the last5 - 10 iterations, in order to estimate the adEML-biagluce the analytic curves displayed by the dotted and dashed line,

empirical pdf. To this end, the kernel pdf estimation method fespectively, in the same figure. Now, the curves are even closer

employed [15] with function widthy = 0.909°. This empir- than before and, as expected, the variance is reduced relative

ical pdf is displayed in the solid-line curve of Fig. 6(a). Theo the previous case, roughly in the same proportiongade-

dotted line represents the analytical pdf obtained from (20) anrkases. This corroborates the asymptotic-variance expression

the parameters™ ando, above. The dashed line correspond@5).

to Gaussian approximation (23) obtained from the populationin order to demonstrate that all these asymptotic results also

values. All three curves are very similar. hold for long-tailed and asymmetric source distributions, anal-
Next, the experiment is repeated with a new adaption coeigous experiments are carried out with a Laplacian (long-tailed

ficient 4 = 10~* and processing the whole of the initi®)® symmetric) and an exponential (long-tailed asymmetric) distri-

source samples. Now, = 0.056 andoe /x* = 0.023. From bution for the sources. The results appear in Fig. #fer30°,

the lasts - 10* iterations, the pdf o, is estimated, again usingR = 1.771 - 10* (calculated from al0-sample i.i.d. source




484

TABLE |

ESTIMATED-ANGLE BIAS £ STANDARD
DEVIATION FOR # = 30° AND ADAPTION COEFFICIENTSA = p = 1073,

EVALUATED FROM THE LAST 5 -

ALL VALUES ARE EXPRESSED INDEGREES

10* OuT OF 5.5 - 10* ITERATIONS.

SOUROE DS U TION T adEML EASI AROT
Uniform—uniform 0.054 + 0.591 0.033 £ 1.002 0.156 + 0.762
Uniform-Gaussian —0.180 +3.037 | —0.100 + 3.433 | —0.045 + 3.324
Laplacian-exponential || —0.138 £ 1.575 | No Convergence | —0.540 & 1.690
Exponential-Rayleigh | —0.267 £ 2.722 | No Convergence | —0.376 + 3.068
TABLE 1l

ESTIMATED-ANGLE BIAS + STANDARD DEVIATION FOR 6 = 30° AND
ADAPTATION COEFFICIENTSA = pr = 10~%, EVALUATED FROM THE LAST
5-10% OuT OF 103 ITERATIONS. ALL VALUES ARE EXPRESSED INDEGREES

TOTRC PR TION T adEML EASI AROT
Uniform—uniform 0.159 £0.151 | 0.157 +0.364 | 0.189+0.179
Uniform-Gaussian —0.819 £ 0.766 | —0.880 & 0.909 | —0.842 + 0.573

Laplacian—exponential 0.466 = 0.357 0.457 + 1.887 0.574 £ 0.411

Exponential-Rayleigh 0.634 £0.779 | 0.090 £2.715 | 0.759 % 0.909

realization; population valug.902 - 10%), k* = 9 (from the

population sks), and the same general conditions as above. The

two cases are @) = 1073, o = 2.976, o /x+ = 0.331, and
w = 4.444°; and b)u = 107, 5¢ = 0.941, o /vt = 0.105,

andw = 1.379°. The resemblance between the curves is also

outstanding.

Remark that in all the previous examples, the ratio
o:/kT) /w is approximately constant so that the pdf estima-
£

tion can be considered as reasonably “fair” in all cases.

B. Performance Comparison With Other Adaptive Algorithms
Stationary ParametersThe adEML estimator is to be com-

pared with two other adaptive procedures: the EASI§B[ the

AROT [5] methods. The prewhitening stage in the latter pro-
cedure is removed so that only the angle estimation from the
whitened observations is considered. In order to disclose the re-

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 48, NO. 2, FEBRUARY 2000
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Fig. 7. adEML-error pdf for a mixture of a Laplacian and an exponential dis-
tribution & = 30°. Solid lines: Empirical pdf estimates, kernel method with
function width w. Dotted lines: Analytic asymptotic pdf (20). Dashed lines:
Gaussian approximation (23). (a) = 102, last5 - 10® iterations,w =
4.444°. (b) e = 1074, last5 - 104 iterations,w = 1.379°.

25

maining orthogonal rotation, the AROT method requires to es-
timate the fourth-order cross-cumulants of the whitened sensa@y. 8. Example of the adEML centroid trajectory for a mixture of two uni-

outputs, which can be done from their moments (just as sdg

gested in [5]). To this end, the adaption coefficiaris used to
estimate the second-order moments, whereas the adaption co-

efficient i is employed to estimate the fourth-order moment§om the lasts - 10* out of a total of5.5 - 10* performed itera-
For the part of the EASI method, when cubic nonlinearities at@ns. The first two rows correspond to source pairs with nega-
chosen, the convergence condition is such that the sum of kiive kurtosis sum (uniform—uniform:-2.4, uniform—Gaussian:
tosis of every pair of sources are negative [3]. Accordingly, if1.2), whereas in the last two the source kurtosis sum is posi-
the sks is positive, the choice of negative cubic nonlinearitig#/e (Laplacian—exponential: 9, exponential-Rayleig:25).
in principle, guarantees the convergence. Table | displays the Té&e same mixture realizations are fed into all three methods.
sults, in the form “bias + standard deviation,” obtained for thiote that EASI does not converge for the last two source pairs
angle estimated by those three methods for several source-falnich, probably, could have been prevented with the normal-
distributions. The true angle és= 30°, and, inspired by EASI, ized version of the algorithm [3], although for the sake of a
equal values are chosen for the second and fourth-order adayganingful comparison, only non-normalized implementations
tion coefficientsA = ;. = 10~2. The results were calculatedof the methods were considered). For the standard deviation, itis

20riginal

sig.enst.fr/~cardoso/guidesepsou.html

MATLAB code was downloaded fromhttp://www-

rm distributionsye = 2 - 10~3; first 5 - 102 iterations. Solid line: Adaptive
timator (8). Dashed line: ODE solution (14).

found thato <oy < oy .. Table Il shows the out-
JadEML AROT EASI
come of a similar experiment but, this time, with= ;. = 10~*

and taking the last- 10 estimates from a total d0? iterations.
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Again, the above relationship among the respective standard d¢ 45 T ! '
viations seems to hoRl. : : :
Regarding the convergence speed, it was observed that fc
the same adaption coefficient, adEML converges considerablh
faster than EASI and AROT. This is due to the fact that in order
to estimate the missing angle, the magnitude of relevance isnc 15t}
the exact centroid location itself but only the centroid orienta- <
tion. This orientation is estimated with great accuracy in just as
few iterations when the centroid is initialized at the origin of the
complex plangé, = 0). This fast convergence feature is illus-
trated in Fig. 8, which plots the centroid trajectory for a mixture _45
of two uniform sources, with a true angle of°3@roviding a
centroid orientation of ¢ = 4 x 30° + 180° = 300°; see [21]) 5 5 5
a}nd step sizg = 2-1073, Further .experiments.(see Fig.9)con-  -30 50 100 150 200
firm that the convergence speed is practically independent of th Iteration number, k
particular choice oft. In short, the adEML estimator exhibits a_ 6. adEML angle evolution for adaption cosficiepts= {10-°, 10-3
high conv_ergence _SPeed that is extremely robust with respecf@{ .10*3, 1072} g(superimposed) an% a fixed mnif(ture realization  of
the adaption coefficient. uniformly distributed sources with true angle = 30°. Convergence is
Tracking NonstationaritiesA time-varying rotation angle is invariably reached in all cases at around the 50th sample.
applied to two uniformly distributed sources. Specifically, the
true angle used is mathematically described by

—30 + 60sin(27k/4000), 0 < k < 1000 %

6u() = —30 4 30 (k — 1000)/1000, 1000 < k < 2000 < 5
’ 40 — 60 (k — 2000)/1000, 2000 < k < 3000 p
—20, k > 3000 D

27) g0
so that#,. exhibits two abrupt changes: onefat= 1000 and £

another one ak = 2000. This function is represented by the E-1s}

steady solid line of Fig. 10. The oscillating solid line in that plot 0

shows the angle estimated by the adEML from the set of resul- _gg

tant whitened observations far= 2 - 10~2 averaged over 100
independent source realizations. The angle obtained by EAS ; ;
(without the prewhitening part in its serial updating rule) with 0 1000 , 2000 3000 4000
A = 5.5- 1072 and averaged over the same 100 Monte Carlo eration number, k
9.0 g

(MC) runs is displayed by the dashed line of the same figungg. 10. Nonstationary rotation angle. Two uniform sources. Steady solid line:
The adaption coefficients of both methods were selected so tfige aezglli?é_asncillztég% r?gicejollirt];e: éRgF_ e%“gﬂaﬁq by Iggsul\ll:ds_zri ; }/2 ;az "
they produced the same estimated-angle variance in steady sg\ﬁefﬁloo indep o ot Monts Carla tarations. : 9
in a bid to compare their convergence speed under the same ac-
curacy conditions. It can be observed in Fig. 10 that adEML is T T T T
faster than EASI in tracking the time-varying parameter and re- 1 9 5 5 :
covering from its abrupt oscillations. Nevertheless, the adEML g
high-speed convergence characteristic remarked in the previot §
paragraph could still be further exploited by means of a suit—f )
able abrupt-change detection scheme in order to yield a faste£
more efficient performance in the presence of such rapid vari-£0.6
ations. Essentially, the centroid should be taken to the origir-§
of the complex plane as soon as the abrupt change is detecte2q 4}
Some abrupt-change detectors are studied in [1].

Performance of the Full Separation SysteAs explained
in Section Il, angle estimator (10) can be turned into a com-
plete separation system just by combining it with an adaptive .
prewhitening stage. In the following simulations, the serial up- ¢ i i s
dating rule (2) is used to obtain adaptively the whitening ma- ~ ° 200 éggﬁon nu,.?,gg, 800 1000

trix and generate the corresponding samples of the whitened
Fig. 11. Evolution of the global system averaged over 100 independent signal-
realizations in the separation of a uniform and a binary source from two sensors
3Bear in mind, however, that the performance of AROT's estimator deteriby the adEML methoch = p = 10~2 fixed mixing matrix with condition
rates as the true parameteapproaches zero [22]. numbern ;. Solid lines:n ; = 10. Dashed linesi 5, = 10°.
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Fig. 12. Global system trajectories averaged over 100 independent signaHg. 13. Global matrix coefficients averaged over 100 independent signal
realizations in the separation of a uniform and a binary source from twealizations in the separation of a uniform and a binary source from two
observations by the EASI method, cubic nonlinearitiss= 10-2, fixed measurements by the AROT method,= p = 102, fixed mixing matrix
mixing matrix with condition number. ,,. Solid lines:n,; = 10. Dashed with condition number: ;. Solid lines:n ; = 10. Dashed linesn , = 10%.
lines:ny = 10%.

observations from which the adEML estimator (10) can then 1
be employed in order to find the missing rotation. The same‘:;::
prewhitening strategy is used for AROT. The incorporation of 3
prewhitening allows us, in turn, to pay attention to the impact of 30'
the mixing-matrix conditioning on the algorithms' convergence.

8.

atri

a) Two signals:A two-sensor mixture is made up of a uni- Eo0.6
formly distributed source, a binary source, and a fixed regular§
mixing matrix with condition numbet, = 10.4We choose the ?_»0 4
step sizes, = ;1 = 1072, The trajectories of the modulus of the z e

=]

elements of the global mixing-unmixing system (which relates 3
true and estimated sources; see Fig. 1) by the adEML average -2\
over 100 independent source-realizations are plotted in the solic
lines of Fig. 11. Two of the elements converge to 1, whereas the ¢ ; o Z 2
other two do so to 0, thus achieving a successful source sep 9 200 0 o . 800 1000
aration. The same mixture realizations are processed by EASI
(this time including the prewhitening stage as well) with positiveig. 14. Modulus of global system coefficients averaged over 100 mixture
cubic nonlinearities and identical adaption coefficient. The gkealizations. Three-source (binary-unif_orm-sinqsoid) th‘ree-lsensor _s_cenario.
. . . . L. . dEML method\ = p = 4.5 - 102, fixed mixing matrix with condition
lected nonlinearities fulfill the stability condition of this method, ,mpern ., = 10.
for the mentioned kinds of sources. The averaged global ma-
trix elements obtained by EASI are represented in Fig. 12 (solid ) o .
lines). The results obtained by AROT under exactly the sarf@f 7a = 10%. Convergence is delayed as the mixing-matrix
conditions appear in Fig. 13 (solid lines). All three proceduré@nditioning worsens. _ _ _
converge nearly as fast, with minor differences in their oscilla- ©) More than two signalsin this scenario, the extension
tions once convergence is reached (at about the 500th iteratiéigScribed in Section IV-B and Fig. 3 is used for the adEML
The adEML and EASI results are quite similar, whereas AROT€thod. On the part of the AROT method, only a single sweep
seems to exhibit more difficulties in the transient period unti$ Performed over the signal pairs, following the guidelines
the moments are estimated with enough accuracy. The inclusf§rl>]- A fixed regular 3x 3 mixing matrix is chosen, with
of the prewhitening stage accounts for the decrease in speeétf = 10, which generates a set of three mixtures when applied
the adEML method relative to the results of the preceding s @ set of three independent sources:
tions. A theoretical study of the influence of prewhitening on + binary sequence;
the method's performance is required to confirm this hypoth- * uniformly distributed process;
esis. However, we lack space here for such thorough analysis. ¢ sinusoid with random frequency and initial phase.
On the other hand, the impact of the mixing-matrix condifhe adaption coefficients are now selectedhas: . = 4.5 -
tioning is evidenced by the dashed lines of Figs. 11-13 obtainggh-2 for all three methods. Figs. 14 and 15 display the tra-
jectories of the global system entries obtained by adEML and

“4The condition numbe », is defined as the ratio of the largest to the smalles'f—ASl' respectively, averaged over 1OQ independent MC re:_iliza-
singular value of\/. tions. AROT's results are not shown since the procedure did not
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separation scheme, revealing a performance up to the mark of
other adaptive BSS methods.

Paths of further research include the extension of the proce-
dure to complex mixtures and the study of alternative gener-
alizations to the BSS scenario of more than two signals. The
former issue begins to receive attention in [23]. The theoretical
convergence of the pairwise scheme for the general BSS case
remains an open question. The effects of noise, as well as of
prewhitening, on the performance of the proposed adaptive es-

o
[})

Modululs of global matrix elements

(1]

800

600 )
lteration number (2]

400 1000

Fig. 15. Modulus of global system coefficients averaged over 100 mixture 3]
realizations. Three-source (binary-uniform-sinusoid) three-sensor scenario:
EASI method, cubic nonlinearitied, = 4.5 - 10~2, fixed mixing matrix with
condition number: ,; = 10.

(4]

converge on 20% of the MC runs (perhaps this negative outqs)
come could have been prevented with some sort of normaliza-
tion in the algorithm; this could be a subject of further investiga- [
tions). Looking at Fig. 14, we can see that the proposed extenjz]
sion works fine, which is a conclusion supported by additional
experiments. EASI's results are smoother than adEML's, but th
former method consistently converged to a nonseparating solu-
tion, in which one of the sources was extracted but the other twd®l
remained mixed at the separator output. The influence of the
mixing-matrix conditioning on the convergence was observed
to be analogous to that in the two-signal case. (10]

VIII. CONCLUSION [11]

An adaptive estimator of the relevant separation parameter
after prewhitening in the two-source two-sensor BSS scenario Z%Z]
real instantaneous linear mixtures has been derived. This adap-
tive estimator is implicitly based on the fourth-order statistics/13]
of the observed signals. Its convergence to a stable separation
solution has been theoretically proven (in the i.i.d. case) for any4]
source distribution combination, as long as the source kurtosis
sum is not zero. This attribute is in sharp contrast with othePS]
adaptive methods (e.qg., [3] and [11]), which are not guaranteefds]
to converge to the desired solution. In addition, the simple al-
gebraic formalism on which this adaptive method is based ha[én
allowed us to capitalize on the standard devices for the anajisg]
ysis of stochastic algorithms when studying the properties of the
method. In particular, its asymptotic pdf has been determineq19
together with its Gaussian approximation and asymptotic vari-
ance, which depends exclusively on the source statistics. Sim-
) . 20]
ulations have shown the accuracy of the asymptotic results, és
well as the fast convergence of the adaptive estimator. This high
convergence speed has proven very robust to the adaption coé#ll
ficient choice. By using a pairwise extension of computational
cost comparable with other adaptive procedures, the estimatge]
has also been made applicable in BSS contexts of more than
two signals, which has been empirically supported. Experimentjszsl
have also demonstrated the use of the estimator in a complete

timator also deserve to be investigated.
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